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Although Quantum Chromodynamics (QCD) is considered to be the correct
description of the strong interaction it is difficult to extract predictions for many
processes from the theory because perturbation theory often cannot be applied.
In this dissertation two approaches for extracting non-perturbatives predictions
from QCD are used. The Heavy Quark Effective Theory (HQET) is combined
with chiral symmetry to make predictions for the decays B — (D, D*)mlv. It
is found that the branching ratio for B — Dm{v is about (0.5 — 1)%. The
branching ratio for B — D*n/v is found to be about 10~* — 10~ but this does
not include possible contributions from diagrams involving an intermediate D**.
The second approach is lattice gauge theory. Here, the connection between
Monte Carlo results and lattice perturbation theory is examined. It is shown
that 2-loop perturbative coefficients for the quark mass renormalization can be
extracted from Monte Carlo data for both Wilson and NRQCD quarks. Such a
procedure is important for understanding the relationship between bare lattice
parameters and the physical parameter values which determine the meaning
of a simulation. Understanding such relationships is crucial to the program
of constructing improved lattice actions which allow efficient computation of

non-perturbative physical quantities.
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1 HQET and Chiral Symmetry — Introduction

While the perturbative (in the coupling constant) predictions of Quantum Chro-
modynamics (QCD) agree well with experiment, there is a large class of exper-
imental quantities where perturbation theory cannot be applied. To test QCD
in such circumstances, other methods must be used in order to extract predic-
tions from the theory. One such approach is to write down the most general
effective theory applicable to a problem and then use the symmetries of QCD
to remove some of the parameters from the effective theory. Some unknown
parameters will be left in such a theory, but once they are measured in a par-
ticular experiment, they can be used to make predictions about other experi-
ments. One example of such an approach is the Heavy Quark Effective Theory
(HQET) which makes predictions for processes involving hadrons containing a
single heavy quark (mg > Aqep). Another example is chiral symmetry which
makes predictions for processes involving light quarks (m, < Aqcp) at low en-
ergies. Heavy quark symmetry and chiral symmetry can be combined to give
predictions for decays such as B — Dnlv and B — D*m/p. In this dissertation,

we study the predictions for these decays.



2 Heavy Quark Effective Theory

2.1 Intuitive Picture

To see how simplifications arise when dealing with hadrons containing a single
heavy quark (c,b,t), consider a simpler system — the hydrogen atom. Since the
proton in the hydrogen atom is so much heavier than the electron, the momenta
exchanged between the two due to their interactions will not significantly affect
the velocity of the proton. The velocity of the proton is very nearly equal to
the velocity of the hydrogen atom. In the rest frame of the atom, the electron
moves as if the proton is a static source of the electric field. If we increase the
mass of the nucleus (by adding a neutron, for example), the wavefunction for
the electron is almost completely unchanged in the rest frame of the atom. This
is because the nucleus is nearly stationary so the electron isn’t sensitive to the
dynamics of the nucleus — it only sees the electric charge. In the hydrogen atom,
the spin of the proton only arises in the hyperfine splitting, i.e. at O(1/mp), so
the wavefunction of the electron is nearly independent of the spin of the proton
and the spin of the proton is nearly conserved.

Hadrons containing a single heavy quark are very similar to the hydrogen
atom. Typical strong interactions involve momentum transfers of order Aqcp
between the heavy and light quarks. If mg > Aqcep these interactions will have
very little affect on the heavy quark’s velocity. The hadron moves with nearly
the same velocity as the heavy quark, and the light quark(s) see the heavy
quark as a static source of the color field. The light quark is not sensitive to
the mass of the heavy quark (as long as it is large) or its spin. In scattering or
decay processes, it will be the change in 4-velocity of the hadron that is relevant
(rather than the momentum) since the light quark is only sensitive to the change

in the reference frame that contains the static color source.



We can simplify the Feynman rules for a heavy quark as follows. We write

the momentum of the heavy quark as

Pu =mqQuy +ky (1)

¢

where v is the velocity of the hadron and k is the “residual momentum” which

is of order Aqcp. Now look at the heavy quark propagator:

p+mg  mop+Ek+mg P41 1
ZpZ—m% Z2va-k+k2 2 U-k}+0(/ 2 2)

To see how the QCD vertex —1 g%Tc behaves between heavy quark propagators,

we look at

p+1 p+1

PRI )

Using (¢ + 1)p = 1+ ¢, we see that we can insert factors of 9 between the

propagators without changing anything, so we can write (3) as:

¢+1[%¢+%M1¢+3

2 2 2 4

The quantity in brackets is just the anticommutator {y,~,}/2 which is equal
to v,. So for low momentum QCD interactions we have the effective Feynman

rules for heavy quarks:

v, k _ EL 5
2 v-k (5)
Cu
s
o>
%o
v a - _igvuthCb (6)



Since there are no gamma matrices in the vertex, the heavy quark spin is
unaffected by low momentum gluon interactions. This tells us that the heavy
quark spin is a good quantum number (i.e. it is approximately conserved). Since
the total angular momentum of a hadron is also a good quantum number, the
total angular momentum of the light degrees of freedom in the hadron must
also be a good quantum number (by “light degrees of freedom” we mean light
quarks, gluons, etc. — often referred to as “brown muck”).

The HQET formalism was created by Isgur and Wise [1] in 1989 based on
ideas which had been known to several people for some time. Several good

reviews of the subject exist, such as [2, 3, 4].

2.2 Matrix Elements

Now we examine the implications of heavy quark symmetry for the calculation
of the matrix elements involved in heavy hadron decays. First we note that the
operator which measures the heavy quark’s spin in its rest frame can be used
to connect spin-0 and spin-1 mesons whose light degrees of freedom have zero

orbital angular momentum:

Pg) = ¢1§ 14D — 4], T=0, (7)
1P5>=j§n MY 14D, J=1,7. =0, (8)
591Pg) = 51P3), ©

where the last equation arises because S9 acting on a state with a |} gives a
—1/2 causing the sign of the second term to flip. Note that we needed heavy
quark symmetry in this procedure to tell us that the spins of the heavy and light
degrees of freedom were good quantum numbers. Relation (9) combined with

the commutation relations between various currents (evaluated at the origin)



and S¢ allows us to relate matrix elements. For example,

(014°(0)[P) = 2(0]A°(0)S2|P")
= 2(0][A%(0), S2]|P7)
= (0[VZ(0)|P7). (10)

One can write down the most general expressions allowed by parity and the
Lorentz structure for vector and axial-vector current matrix elements between
P and P* states. Then, relationships like the one above allow the form factors
which arise to be related to each other. It turns out that the V' — A interaction

matrix elements responsible for the weak decays:

P~ Pty

P — P+,

P’ — P+ (v,

Pr — P+ v, (11)

can all be described by a single form factor, £(v-v’), when heavy quark symmetry
is used. Without HQET, 17 independent form factors would be needed. HQET
also tells us the normalization of the form factor: (1) = 1. So, an experiment
on a single decay process such as B — D*(¥ can determine the decay rates for
all of the processes above. Similar relationships arise for baryons which will not
be considered here.

To compute matrix elements, we begin by constructing an effective La-

grangian for heavy quark fields. We write the heavy quark field, Q(z), as:
Q(x) = =™ [hy(2) + Hy ()] (12)

where

, 1
holz) = efmave 1T



which satisfy
Yhy, = hy,, ¢H,=—H,. (14)

h, annihilates a heavy quark with velocity v and H, creates a heavy antiquark
with velocity v. The spatial dependence of h,(z) gives the residual momentum
fluctuations of the field about the case of an on-shell heavy quark with velocity

v. The heavy quark part of the QCD Lagrangian in terms of these fields is:
L = hyiv - Dh, — H,(iv - D + 2mq)H, + hy,ilp | H, + H,ilD | h,, (15)

where

D' = D* — vt - D, (16)

and v - D} = 0. In deriving (15) we make use of h,I) h, = H, ) H, = 0 (the
proof of this is similar to (4)) and h,H, = 0. We see that the field H, has mass
2mg while the h, field is massless. For large mg we can compute matrix elements
of the h, field by integrating out the H, field to obtain an effective Lagrangian.

This was examined in [5] and they found that the resulting non-local action is:
1
Seff = /d4x£eff — ETI {In(iv - D + 2mg —i€)} (17)

where L.g is the Lagrangian that one gets classically from the equation of mo-
tion. The extra term in the action can be shown [5, 6] to be an irrelevant
constant in axial gauge: v- A = 0. Now we compute L.q starting with the

equation of motion (i) — mg)Q = 0 which gives:
iDhy + (i) — 2mo)H, = 0. (18)

If we multiply this by ¢ and make use of (14) along with ¢ PH, = (ID+2v-D)H,,
we get:

i Phy + (D + 2v - D)H, + 2mgH, = 0. (19)



Subtracting (18) from this and using (y) — P)h, = —2ID | h, gives
—2iI) | hy + (2iv - D + 4mg)H, = 0. (20)

Finally, we have

|
_ D hy 21
0D+ amg —ic D1 (21)

for the classical relationship between the fields. Notice that the H part of the @)
field is suppressed by a factor of 1/my relative to the h part of the field. We can
plug this into (15) to compute the L. which appears in (17) as an expansion

in 1/mg. We get:

7. 1 T g v
Lo = hyiv - Dhy + %hv ST F" D7 | hy +O(1/m3), (22)

where F'* is the gluon field strength. Notice that the first term in L.g gives the
Feynman rules (5) and (6) which we found earlier. In this dissertation we will
work to lowest order in 1/mg and we will deal with tree-level processes. For
details on higher order corrections the reader is referred to [2].

To compute rates for weak decays, we are interested in matrix elements of
the vector and axial currents evaluated at the origin (the translation properties
of the states allow the value at the origin to be related to the value at any point

x). We write these currents in terms of the fields above as:
ViI(0) = 1y (007, (0)+O(1/mg), - A (0) = Iy (0)7,75h,(0)+O(1/mq) (23)

and we neglect the O(1/mg) terms. First we look at the matrix element for the
decay of a spin zero meson into another spin zero meson containing a (generally)
different heavy quark, P;(v) — P;(v")+{p. Note that we parameterize the states
by the heavy quark 4-velocity rather than the momentum since velocity is the

more natural quantity to use. The most general form for the hadronic matrix



element with the right Lorentz and parity transformation properties is:

(P ()| (0)|Pi(v)) /) Mp,Mp, = (v + ) ufi(v - 0) + (0 = V) f-(v V), (24)
where f, and f_ are scalar form factors and all quantities on the right hand

side are dimensionless. From (23) and (14), we know that
(v =)V =B, (p — ¢, = 0, (25)
and
(v + VAL = B (75 + ¢ vs) ey = By (=58 + #79) B, = 0. (26)
Applying (25) to (24) gives
0=21—-v-0)f_(v-?) (27)

for all v and v'. We conclude that f_(v-9¢) = 0. The matrix element for the
axial current is trivially zero since there is no way to construct a pseudovector
from just v and v":

(P (V)| A7} (0)| Py (v)) = 0. (28)
We can now compute the decay rate for P;(v) — P;(v") + {7 in terms of a single
form factor f, (v -v') for all pairs of heavy quarks ¢ and j. We can think of
f+(v-v') as describing the overlap between the light degrees of freedom moving
about a heavy quark with velocity v and those moving about a heavy quark
with velocity v'.

To find the normalization of f, (v-v'), we note that J* = h,y"h, is conserved

in the effective theory, and it has the associated charge

Ng = / B J0(z) = / Brhl (2)hy(2), (29)
which counts the number of heavy quarks (). If we put Ng between two identical
states we get

(P(v)|Ng|P(v)) = (P(v)|P(v)) = 2Mpv°(2m)6°(0) (30)



Now we compare this to (24) with ¢ = j, ¢ = 0 and v = v and we see that
f+(1) = 1. It turns out that this same form factor arises in all vector and axial-
vector matrix elements between mesons without orbital excitations, so the form
factor is “universal”, and is normally denoted by (v - v') = fi(v - 0v').

In order to relate the form factors for the decays P;(v) — P;(v') + (v and
P(v) — P;(v') + (v to §(v - v'), we must use the commutation relation be-

tween SY and the currents so we derive it now. We start with the equal time

commutation relation:

(41 (@)0 (), v ()T (y)] = (31)
@)D (), v ()T (y) — o)D), o1 (@)} Ty ().

We generically write a current evaluated at the origin as
T = T ()T b (0), (32

where 7 and j are quark flavors and I, is some gamma matrix. The spin operator

for a heavy quark with flavor @) is given by
SY = %/dgxhgj(x)7172hg,(x). (33)

The equal time anti-commutator for h(x) is derived from the canonical anticom-

mutation relation for the Q(x) field and (12) and (21). It is
{ho(t, 3), his(t,9)} = 8°(F = 9)8°"" + O(1/mq). (34)
Putting this all together we find
[J,59] = TR0)T, 2?2 (0)540 " — LRE(ON YT (0056 (35)

Now we are prepared to relate the matrix elements for P;(v) — P} (v') + (v
to those for P;(v) — P;(v') 4+ ¢v. The most general form allowed by parity and

Lorentz transformation properties is:

(P (v, e)|VI|Pi(v))/ Mp: Mp, = i€unoe™ V07 g(v - V) (36)
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where ¢ is the polarization vector for the spin-1 P* and the form factor ¢ is
independent of € because the right hand side must be linear in € (recall the form
of an amplitude when Feynman rules are used). We look at this matrix element
in the frame where the P* is at rest so v/ = (1,0), ¢* = (0,0,0,1) (zero spin
along z-axis), and we take v° = (y,+/y2 —1,0,0). The only non-zero matrix

element is p = 2. Using the convention €123 = +1 we have

(Pr(v'¢) VI | P(v)) )/ Mp-Mp, = irJy? — 1g(y (37)

Now we relate this to a matrix element which we have already computed

(P, e)[VF'|P(v)) = 2(P;(v)|SIVE"|Pi(v))
= 2B, [$5 V'] IP(v)
= —i(F;(")|V{'| Pi(v)), (38)

where we have made use of (35). The matrix element on the right hand side was

computed before (24) so we have

(P (v, )| V3" |P(v)) = —iy/Mp, Mp,(v + ' )1€(v - v') = iy/Mp, Mp [y — 1€(y).

(39)
Comparing this to (37) and noting that Mpy = Mp, in the mg — oo limit, we
find that g(v-v') = (v -v'). As stated before, the same form factor arises in
both P;(v) — P} (v') + (v and P;(v) — P;(v') +{v. A similar calculation for the

axial current again shows that all form factors are functions of &(v - v').

2.3 Interpolating Fields

We could continue with the procedure above to determine the V' — A matrix
elements for P;(v) — P;(v') + (v. Instead, we introduce the method of inter-

polating fields which makes the calculation of matrix elements more efficient.
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The idea is to represent the hadrons by operators which have the right quan-
tum numbers to describe the hadrons. For example, the (properly normalized)

interpolating fields which destroy the ground state 0~ and 1~ mesons are:

P(v) = @shoy/Mp,  P*(v,2) = @uthoy/Mp-, (40)

where ¢, is a dirac spinor representing the state of the “brown muck” (light
quarks and gluons) which has j = 1/2. Here we have assumed that the polar-
ization vector ¢ is real — if it is not we must use its complex conjugate in the
equation above. The subscript v on ¢, indicates that the spinor describes the
dynamics for the “brown muck” moving around a heavy quark that has velocity
v — it does not mean that the light quark has velocity v (it does not). ¢, is a com-
plicated object which we do not understand beyond its Lorentz transformation

properties. The interpolating fields for creating mesons are:

P(U)T = —\/Mphysqs, P*(v,g)Jr = \/ Mp-hy¢q,. (41)

Interpolating field representations of states with arbitrary spin have been derived
in [7]. To examine the formalism, we start by computing the matrix element of

a generic current (32) between pseudoscalar states:

(BT Pi(v)) = =/ M, Mp, (01w yshi, B, L uhiy By y54.]0). (42)

We make the replacement

1
Whi - ’é; (43)
and we get
!
Y1 p
(BOOEIRO) = 3T ) )
where

M = (0|qyGy|0) = A+ By + Cy' + Dypy’ (45)
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with the last equality given by the Lorentz structure of the matrix element and
the fact that we can’t write down any more terms since ¢9 = 1. Given the cyclic
property of the trace, and (§+1)y59 = —vs(¢+1) and ¢'v5(¢ +1) = —5(¢' +1),

we can effectively replace M in (44) with
M—-A-—B-C+D=¢wv-v). (46)
These results with I'), = v, and I';, = v,,75 yield

(P ()ViI' 1)) = ) Mp, Mp, (v + ") (v - V'), (47)

and

(Py(v)|AJ|Fi(v)) =0, (48)

as we found before. Now we proceed to the matrix element of a general current

between a vector and pseudoscalar:

A1 P+
= /Mp, P]?*Tr{?{¢2 u¢2 %M}- (49)

We note that ¢'¢' (¢’ +1) = —¢' (' + 1) since &' - v/ = 0. So we can again make

(Pr (W, eNJJ|P(v)) = —\/MpMp:(0|Gu# hl,hL,T b k50| 0)

the replacement (46). Taking the appropriate traces, we get

(P} (W, NV Pi(v) =/ Mp,Mpri (v - v)euase™ v 0", (50)

and

(P (W, A P(v)) = \/Mp Mp:£(v-0) [(14v-0)e), — (£ 0)y ], (51)

where ¢’ must be replaced with its complex conjugate if the polarization vector is
not real. Matrix elements of currents between vector meson states are computed

in a similar way. A summary of various matrix elements is given in [8].
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)
p2 vl
Ps
Y, V'
Po B oDpDy

Figure 1: Feynman diagram for B — (D, D*, D**){(p.

2.4 B — (D,D*, D*){v
2.4.1 General Aspects of B — (D, D*, D**){i

To compute the decay rate for a B-meson into a D-meson (or D* or D**) with

a lepton and neutrino, we start with the amplitude

G _
T = V= =1(pa)7" (1 = 75)0(ps) (D|Vir — A B). (52)
V2
Now we square 7" and sum over the lepton and neutrino spins giving
212
S = T e (53)
spin
where
Hop = (D|Vi — Al B) ({D|Vs — A|B)) (54)

is the hadronic part computed using HQET, and (taking ms = 0)

L

T {(y + ma)7 (1= 2)(Fy — ma)(1+ 9517}

= 8{psp5 —po- pag™ + P5P5 + i€ pyps, | (55)

is the leptonic part with €y103 = 1. This gives

1 VC%G% d3P1 d3p2 d3p3

I = 21)* 6% (po—p1 —pa—p3) Hap L.
dmp 2 ) 3B (2003 2B (2n) 2Bs 2y 27) O (PO PPz Pa) Hap
(56)
Now define
& P&
1°%(g) = [ oo o (2m) 64 (g — pa — ps) L7 (57)

N 2E2(27T)3 2E3(27T)
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Since 1 depends only on ¢, we can use its Lorentz transformation properties

to write

1*°(q) = A(q)g*” + B(q)q"q". (58)

We compute A and B by using

gapl®” = 4A+¢B,

Gqsl®® = @A+ (¢*)?B. (59)

Now compute the left hand sides of (59)

d3p2 d3p3
2E2 (27T>3 2E3 (271')

gaglo‘ﬁ = 3(27)454(61 — p2 — p3)8{—2p2 - p3}. (60)

Take my = m3 = 0 giving (p2 + p3)? = 2p2 - p3 = ¢* and work in the frame where

g =0 (which we can do since g,s/® is a Lorentz scalar):

dQp*dp (27)?

af 0 __ 2
gt OO e
2d
= —/l5(q° - 2p)¢°
1 ™
_ L (61)
s

Now compute the left side of the second equation in (59)

d’ps d’ps
2E2 (271')3 2E3 (27T

Gaqsl®® = E (27)*6*(g—p2—p3)8{2p2-qps-q—p2-p3q*}. (62)

Again, we take my = my = 0 which gives us ps - p3 = ¢*/2, p2 - ¢ = ¢*/2, and
p3 - q = ¢*/2. From this we see that the quantity in braces above is zero, giving
Gaqsl®® = 0. In retrospect it is obvious that we should get zero since both the
vector and axial currents are conserved when ms = mg = 0. Plugging these

results into (59) to determine A and B results in

A=——¢, B=— (63)
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giving

1
1) = o~ [~*0*° + ¢°¢°)] (64)

Our expression for the decay rate is now

1 V(;QbGQF d3P1

I =
omp 2 2E,(27)?

HopI®. (65)

Note that 1%’ is symmetric under interchange of o and 3 (unlike L*?), so we

can drop any antisymmetric part in H,3. We can write

d*py, = dpidp, = 4np E1dE, = 4mmpy\/y? — 1Eympdy (66)

where y = v - v = pg - p1/mpmp and we have replaced the integration over
angles for p; by 4m because the integrand is invariant under rotation of the
whole system so we are free to fix p; to be along the z-axis. Finally, we have

the expression
ar VG,

— 2 _1H, 5.
B~ 22 mp VY 8 (67)

2.4.2 Specifics of B — D(v

For this case we have (using (47) and (48))
Hup = mpmp€?(y)(va + v),) (vs + vj), (68)
giving
19 Hos = mpmp€(y) - [~ @+ 20-0) 4 (vt q-0)]. (69)
If we define r = mp/mp and recall y = v - v' we can write

qg = mpgv—rv),
¢ = mp(l+r—2ry),

qg-v = mg(l—ry),
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q-v' = mply—r), (70)
giving

mEmp&(y)

[aﬁHaﬁ — 3
™

[—(1 +r?=2ry)(2+2y) + (1 —ry +y — r)z} . (1)
2.4.3 Specifics of B — D*(v

Here, we will sum over polarizations of the D* when computing the rate. Starting

with (50) and (51) (taking the polarization vectors to be real) we have

(D* Vo = Aol B) = V/mpempb(y) [iamse” ™0™ = (14 v 0)eq + (- v)0)]

(72)
giving
Huos = > mp-mp&’ [@'em,l,\mla”lv')‘lv”l —(14v-v)eq + (e v)v’a}
pol
: {—ieﬁyzkzmemv’)‘lv“ —(1+v-v)eg+(e- v)v’ﬁ} : (73)
Now we contract this with appropriate quantities
9’ Hop =Y mp-mp® {ewl,\mls”lv’)‘lv”leo‘m)\%?é”v')‘?v”
pol
+(1+v-v’)26-5+(5-v)2]. (74)
Make use of
D ete’ = —g" + o™, (75)
pol
> ete, = =3, (76)
pol
giving

« _ 2 I\ IA
g ﬂHaﬂ - mD*mB§ {€au1/\1mv 1U’€1(_gyly2 + 0)€alf2>\2/€2/0 S

=3(1+ v+ ') + v (— g + vj0))|. (77)
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Now make use of

eazz/\lmeau)\gng = -2 (g)q)\ggm@ - g>\1f€29m>\2) ; (78)

giving
9*°H,p = mp-mp&? {—2 —6v-v —4(v- v')ﬂ : (79)

The other expression we will need is

P Hop =S mpmp€® [~(1+v-v)e-g+e-v@ - q). (80)

pol

Now make use of
e-q=c¢-(mpv—mpv) =mpge-v, (81)

and

v qg=mpv-v —mp-, (82)
giving

¢*¢"Hop =Y mpmp&® [—(1+v -0 )mp +mpv - v’ — mp-]’ (e-v)2.  (83)
pol

Performing the polarization sum gives
qaqﬂHaﬂ = mD*mB£2(mB + mD*)2 [—1 + (U . UI)Z} . (84)

Combining (64), (79), and (84), we have

1
Hopl = mD*me’Qg { — ¢ [-2—6v-v —4(v-v')

+(mp + mp+)? [—1+(v-v’)2]}. (85)

Using ¢ = m% +m%. — 2mpmp-v - v' and y = v - v’ along with » = mp-/mp
gives

mgBmD*SQ(y)

Ho I =
g 3

(1472 = 2ry)(2+ 6y + 49°) + (1 + 12+ 2r)(y* — 1))
(86)
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This result agrees with [9].

This decay has been used in extracting the CKM matrix element |V be-
cause model dependence only enters at O(Agcp/mg) since Luke’s theorem [10]
determines the normalization of the universal form factor, £(1) =1+ O(1/ mé)
with no 1/mg correction. So, |V| is measured by measuring the decay at vari-
ous values of v - v" and extrapolating to v - v = 1. For a recent analysis of the

determination of V| see [11].



3 Chiral Symmetry

When constructing an effective field theory that describes hadrons made of light
quarks (u, d, and maybe s), we make use of a symmetry which arises for m, <
Aqcp to reduce the number of unknown coefficients in the effective Lagrangian.
The Lagrangian will have an infinite number of terms involving more and more
derivatives of the fields. As long as we restrict our attention to particles with
small momenta we can keep only the first few terms in the Lagrangian since the
others will be suppressed by powers of the momentum. Consider the Lagrangian

for the light quarks:
L = qilDg; — miGig;. (87)

We rewrite this using ¢ = ¢* + ¢® where

1 1 o |
q" = 5 (1=)g, ¢ = 5 (1+5)4, q" = a5 (1+%), gt = a5(1=7), (88)
we get
L =g iPq" + ¢ iPq + migal +migl gl (89)

If we neglect the mass terms (we can account for them as a perturbation later
since the mass is small) the Lagrangian is clearly unchanged by the transforma-
tion

¢ — Lg¢~, LeSU@3), (90)
and

¢" — Rq", RecSU®3)r (91)

so we have a SU(3);, x SU(3)r global symmetry. Since the full Lagrangian does
not obey this symmetry due to the mass term, we expect the physical spectrum
to show only approximate signs of the symmetry. To see the consequences of

a symmetry for the mass (energy) of a state, consider two states |A) and |B)

19
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that are created by operators A and B respectively which are connected by the
symmetry transformation UAUT = B. We look at the expectation value of the
Hamiltonian:

E, = (A[H|A) = (0| ATHA|0). (92)

Now insert UTU = 1 around each operator and make use of UHUT = H (since

the transformation is a symmetry of the Hamiltonian) and UAUT = B. We get
E, = (0JU'B"HBU|0). (93)

From this, we see that if the vacuum obeys the symmetry of the Hamiltonian,
i.e. U|0) = |0), we have E4 = Ep, so there should be degeneracy in the spec-
trum between states connected by a symmetry transformation. This is familiar
from rotational symmetry in quantum mechanics. The rotational symmetry of
the Hamiltonian implies degenerate multiplets (states with the same J? but dif-
ferent J,). The possible sizes for a multiplet are determined by the possible
representations of the symmetry group. Expectation values of the generator of
the symmetry transformation, j, distinguish the states in a multiplet.
However, if we look at the spectrum of observed hadronic states we find that
the approximate (recall the explicit symmetry breaking due to quark masses)
multiplets are not of the pattern we would expect for a SU(3), x SU(3)r sym-
metry. This leads us to believe that the symmetry is spontaneously broken —
the ground state does not obey the symmetry, i.e. U|0) # |0). We must examine
the consequences of spontaneous symmetry breaking before we can construct

our effective Lagrangian.
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V(o)

Re{ ¢}

Im{@}

Figure 2: Potential for a simple example of spontaneous symmetry breaking
(“Mexican Hat Potential”).

3.1 Spontaneous Symmetry Breaking and Representa-
tions

First we examine the simplest theory that we can think of with a spontaneously

broken continuous symmetry. We start with the Lagrangian:
1 1 1
L= 10,0 + 51 |o” = Aol (94)

where ¢ is a complex scalar field and p? and \ are positive. The Lagrangian is

invariant under the transformation
¢ — ¢ = eiagb. (95)

The potential part of the Lagrangian is shown in Fig. 2. Note that the minimum

of the potential is not at ¢ = 0 but rather is at |¢|?> = v* where
v? = /N (96)

Perturbation theory calculations require that we do an expansion about the
minimum of the potential (so that field values are small around the minimum).

Because of the symmetry of the Lagrangian under the transformation (95), if
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the minimum of the potential does not occur at ¢ = 0 there must be an infinite
number of possible ground states which are related by the symmetry transfor-
mation — these states lie along the valley of the “Mexican Hat” shown in Fig.
2.

We choose our vacuum state to be ¢ = v and rewrite the Lagrangian in terms
of new field variables which will have small values for small fluctuations about

the vacuum. First we look at the “Cartesian” representation:
p=v+R+il (97)

where R and [ are real scalar fields. Our Lagrangian becomes (after dropping

constant terms):

1

1 1 1 1
£ = S (0D + 5 (0,R)’ =P B = R’ — WRI? — - AR*I* AR = I, (98)

Examination of the quadratic part of the Lagrangian shows that the I field
describes a massless particle while the R field describes a particle with mass
V2p. The I field is a Goldstone boson — it is massless because it represents
movement from the vacuum toward an equivalent vacuum along the valley in the
Mexican Hat. Since the equivalent vacuum has the same energy as the original
one, a state with a zero-momentum /-particle must have zero energy, hence the

I is massless. The transformation (95) is equivalent to the transformation:
R— R =(v+ R)cose —v—1Isine, [ — 1 =1TIcose+ (v+ R)sine, (99)

which leaves £¢ unchanged.
We could have chosen our fields differently. We now look at the “Polar”
representation:

¢ = (v+n)e”, (100)
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with real fields  and 6 which gives a Lagrangian (after dropping constants):

1

1 1 1
L£h = 5(%9)2 + 5((%77)2 — pPn® = don® + ;n((?,ﬁ)Q + 537

1
Q(aue)Q—ZAn‘*. (101)
The transformation equivalent to (95) is:

n—n=mn 0—0=0+uve, (102)

which leaves £ unchanged. In this case, 6 is the Goldstone boson.

The “Cartesian” and “Polar” theories are equivalent in the sense that on-
shell scattering amplitudes at tree-level must be the same for corresponding
fields. This result was shown in general in [12, 13, 14]. If a Lagrangian £(¢) is
rewritten as L(xF(x)) where F'(0) = 1, the tree and all orders on-shell ampli-
tudes computed with ¢ and x are the same. In our examples above R = n(1+...)
and [ = 0(1 + ...). Note that although the original field ¢ transforms linearly
under the symmetry (95), our new fields don’t unless v = 0 (see (99) and (102)).
From the reparameterization independence theorem above, we see that we could
have chosen fields with very strange transformation properties without changing
our results for the on-shell S-matrix.

Given the equivalence of various parameterizations, the question naturally
arises: Which one is “best”? In the examples above, there is a very clear dif-
ference between the Lagrangians £¢ and £F. In the “Polar” representation the
Goldstone boson only appears with derivative couplings and it does not mix with
the massive particle under the symmetry transformation. Both of these features
are consequences of the fact that 6 serves as the coordinate between equivalent
vacua all along the valley of the Mexican Hat (the I-field only connects vacua
around the infinitesimal neighborhood of ¢ = v). The symmetry transformation
is just an arbitrary (z-independent) shift of the coordinate (6) along the valley

of the Mexican Hat so adding a constant to # does not change the energy, and
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therefore 6 must only appear in the Lagrangian differentiated so as to have no
effect when a constant is added to it. The derivative interactions don’t appear in
LY, but they arise in calculations through assorted cancellations between pieces
of diagrams.

The fact that the symmetry transformation does not mix the fields in the
“Polar” representation has important consequences if we want to construct an
effective theory that describes just the Goldstone boson. If we take p to be large,
we can integrate out the n field and be left with a useful theory involving only 6.
The fields decouple, so the new coupling constants in our Lagrangian may have
1/ modifications, and we may get more vertices with various powers of 1/pu.
What if we tried to apply the same procedure to the “Cartesian” representation?
Clearly this cannot work because if we did somehow integrate the R field out,
a symmetry transformation on the remaining [ field would bring it back! This
occurs because construction of a low energy effective theory requires fields which
can describe all states connected by an infinitesimal energy excitation — the [
field alone cannot do this because it cannot parameterize the whole valley of the
Mexican Hat. For more information on integrating out fields, see [15].

We summarize the results of our simple example which will be relevant to
the construction of effective field theories. First, the broken symmetry gives
rise to massless Goldstone bosons. Second, the coupling constants in the broken
Lagrangian are not all independent. Third, spontaneous symmetry breaking
allows an operator with non-trivial transformation properties (such as ¢) to
have a non-zero vacuum expectation value because the vacuum does not obey
the symmetry. Fourth, the representation we choose determines how the fields
transform under the symmetry — it is generally not linear. In the representation

where the Goldstone bosons are the coordinates of the symmetry transformation
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the derivative interactions appear clearly in the Lagrangian, and the massive

particles can be integrated out.

3.2 Constructing a Chiral Lagrangian

Now we return to the problem of constructing an effective Lagrangian which
makes appropriate use of the symmetries of the QCD Lagrangian when the
quark masses are small. We write the symmetry transformation in terms of the

conserved charges Q% which generate the transformation:

U =exp{ia,Q.}. (103)

The @’s form a group (the group multiplication is the commutator) and they
commute with the Hamiltonian. Only a subgroup H C G annihilates the vacuum
if the symmetry is spontaneously broken. For QCD the transformations (90) and

(91) give rise to the Noether currents:

1 1
V:z'u = 7’7M§>\aq7 Ag = CTYM’Y5§>\G(], (104)

where A, are Gell-Mann matrices in SU(3) flavor space. The charges which gen-
erate the symmetry transformations are given in terms of the conserved currents
by:

Q= / & Jo (). (105)

The transformations corresponding to the vector current, V*, mix quarks with
different flavors. This symmetry does not seem to be spontaneously broken since
we witness the near degeneracy of the octect of pseudoscalar mesons (7, K, ).
The axial transformation, however, includes a 75 which changes the parity and
we do not observe degenerate scalar partners for (m, K, n). We conclude that
the axial subgroup is spontaneously broken, i.e. Q2 = [ d3qu’y5%)\aq does not

annihilate the vacuum. Note that @Q° has the the same quantum numbers as the
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zero momentum mesons in the octet (7, K, n). This explains why these mesons
have such small masses — they would be massless Goldstone bosons if the u, d,
s masses were actually zero instead of only being small.

Our goal in constructing an effective Lagrangian will be to choose a represen-
tation where the fields transform linearly under the unbroken SU(3)y symmetry
while only giving derivative interactions to the Goldstone bosons — this will re-
sult in a non-linear transformation of the Goldstone bosons under SU(3) 4, but
it allows us to construct a theory with an obvious momentum expansion that
does not require extra massive particles. Note that we require a representation
that is linear under SU(3)y so that we can classify particles in the normal way
under the unbroken symmetry. If the representation is linear, the quadratic
part of the Lagrangian (which is used to construct the Hilbert space of in and
out states) is invariant under the transformation. In a non-linear representation
this is not the case since a symmetry transformation mixes the quadratic and
interaction parts of the Lagrangian. We seek a representation similar to the
“Polar” representation in Sec. 3.1. A formalism for accomplishing this is given
in [13, 14, 16]. We will proceed instead by following intuition gained in Sec. 3.1.

Any operator which is not a singlet under a transformation which leaves the

vacuum unchanged must have vanishing vacuum expectation value since
(0|0]0) = (0|UTUOUTU0) = (0|]UOUT|0). (106)

With a spontaneously broken symmetry there will be operators with non-zero
vacuum expectation value which transform non-trivially under the broken sym-
metry (this is allowed because U|0) # |0)) — an example of this is the ¢ field in
Sec. 3.1. The vacuum expectation values of such operators are called order pa-
rameters. Invariance of the vacuum under Lorentz transformations requires such

operators to be scalars. The lowest dimension candidate for an order parameter
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in QCD is the quark condensate (0|gq|0) (see [16] for other order parameters

and discussion). We will follow [17] and focus on:
aXi; = cijqiL, (107)

where a is the magnitude of the condensate and X is normalized so that XX = 1.
Note that ¢%¢* = (qq¢ — qv5q)/2 and the vacuum expectation value of gy;q must

be zero by parity. We know how ¢ and ¢* transform from (90) and (91), so
Y — ¥ = LYR" (108)

Since the vacuum is invariant under the SU(3)y transformation L = R =V
01210y — (0]/]0) = (O]VEVT[0) = (0]]0), (109)

so (0|%]0) is simply the identity matrix. Under a SU(3),4 transformation, L =
R" = A and (0[%]0) is not invariant. Looking back at our example in Sec. 3.1,
we see that our new field variable 6 just acted like the parameter for a local
(instead of global) transformation of the broken symmetry. By analogy, we
introduce pions as the parameters for a local SU(3) 4 transformation acting on
the vacuum expectation value of ¥. The dynamical field ¥ is approximated
at low energies by its VEV with a long wavelength chiral transformation (low

energy pions) applied to it:

Y(z) ~ exp {zM(:U)/\/ifw} (0]X]0)exp {zM(:L’)/\@fﬂ} = exp {2zM(x)/\/§f7r} ,
(110)

where M (z) = m4(2) Ao /V?2, i.c.

™ /V2+n/V6 " K+
M = T —m'/V2+n/V6 K’ (111)

K- K 23]

and f, = 93MeV. From the transformation properties of ¥ we deduce the

transformation properties of the Goldstone bosons. Under SU(3)y:

Y=VsVl = M =VMVT (112)



28

so we see that the Goldstone bosons transform linearly under SU(3)y as desired.

Under an infinitesimal SU(3)4, A = €%, with € an infinitesimal matrix € = g,\,:

Y = ASA = (142iM' |V 2fr+..) = (Ikie+ . ) (14+2iM /2 fr 4. ) (1 +ic+...)
(113)

M' =M +V2fre+ ... (114)

Notice the similarity between the transformation in (114) and the transformation
of the 0 field in (102). The chiral transformation does not mix the Goldstone
bosons with massive particles, it is non-linear, and to lowest order the field
is simply shifted by a constant amount. The “+...” part of (114) represents
higher powers of the Goldstone boson fields and it arises because the group is
non-abelian.

Now we can construct a low energy theory for the Goldstone bosons by
writing down the most general Lagrangian possible. If we only wish to describe
the Goldstone bosons, the X field is a good field to work with since it has simple
transformation properties (see (108)). Since the Lagrangian must be invariant
under SU(3), x SU(3)gr, we might try to put a term in the Lagrangian such
as Tr {ZTZ} but this is just 1 — there is no non-trivial invariant term that we
can construct that does not involve derivatives as we expect because of the

representation we have chosen. So we have
_ r® (4) (6)
Eeff _Eeff—i_ceff—i_ﬁeff—i_ (1].5)

where the superscripts denote the number of derivatives. The lowest term in

the energy expansion is

L = i 21 {g,xtors ], (116)
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where we have chosen the coefficient to give a correctly normalized kinetic term
for the pion:

1
Egc)f = 53#%8“% + ... (117)

A procedure for efficiently determining currents from the Lagrangian is given in

Sec. 5.6 of [18]. The result using Egc)f is:
AP = iffTr (SIS} = — frdm + . (118)

which shows that the axial charge is related to zero momentum pions as ex-
pected. We can account for the non-zero quark masses by putting an explicit
symmetry breaking term into the Lagrangian. To do this, we form the matrix
m = diag{m,, m4, ms} and we notice that if it transformed under SU(3), x
SU(3)r (although it does not because it involves constants, not fields) accord-
ing to m — LmR' the quark-level Lagrangian (89) would be invariant even with
the quark masses. So, we add terms to the effective Lagrangian which would be
invariant if m really transformed according to m — LmR'. An example of such
a term is

Te {Sfm} + hee. (119)

which gives a term quadratic in the Goldstone boson field resulting in a pion
mass squared which is linear in the quark masses. For a further discussion, see
[16]. We have not discussed the effect of loop diagrams — the reader is referred

to [15, 16].



4 Combining HQET and Chiral Symmetry

In order to compute decays such as B — D7/ we need to combine the results
of HQET and chiral symmetry. This was done in [8]. Rather than working with

>, it will be more convenient to work with the field

§(x) = \/5(), (120)

as described in Ch. 6 of [18]. Writing the Lagrangian in terms of & will give
derivative interactions only which makes the momentum dependence clear. From

(108), we see that under a SU(3); x SU(3)g transformation
¢ — ¢ = LEUT = UERY, (121)
where in general U is a function of L, R, and £ (i.e. it is a function of the
Goldstone boson fields and thus depends on z also) for the last equality to hold.
Note that under SU(3)y, L = R =V and U =V is independent of £. We can
construct two fields with simple transformation properties:
1
Vie=5 [610:€ +£0,€1] (122)
and
1
Au= 3 (670, — €0,6T] . (123)
The transformation properties are:
V., =V, =UVU' +U3,U", (124)
Ay — A, =UAU". (125)

To form a Lagrangian with heavy mesons we need to know their transformation
properties. Since pseudoscalars Py each contain a light (one of u,d,s) antiquark

(and a heavy quark @), they transform under SU(3)y as an antitriplet:
Py — P, =PyV'. (126)
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We define their transformation properties under SU(3), x SU(3)g as

Py — P, = PuU". (127)

It is convenient to define
D, P} = (0, + V.)P), (128)

which transforms simply:
D,P,— UD,P}. (129)

Dropping the subscripted @)’s we construct the most general SU(3), x SU(3)r

symmetric Lagrangian up to one derivative:

Lpp- = D,PD'P'— MEPPT+ fQ(P.A“P:T + P:.A”PT)
1
v p*t 2 pxu p*t
— PP+ M PP

1
+ 59QGMVAN(P*“”AAP*“T + PP, (130)

with

P =D,P;"—D,P;T. (131)

Note that in these equations the asterisks indicate spin-1 mesons, not complex

conjugation. It is shown in [8] that heavy quark symmetry requires:

fo = Mrghrgf. 0= (132)

where f is independent of the heavy quark (). This leaves us with a single
unknown coupling f. We can use Lpp+« to compute interactions between the
heavy mesons and pions as long as the pion momentum is small since we neglect
higher derivative terms. By combining this result with the V' — A matrix elements
for weak decays, one can find amplitudes for decays such as B — D*m/{v and
B — Drfly. This is done in [8]. Similar calculations for baryons are also

performed there.



5 B — (D, D")rlv

We study in detail the predictions for the semileptonic decays B — D(D*)r(v
by heavy quark and chiral symmetry. The branching ratio for B — Dmlv is
quite significant, as big as (0.5 — 1)%. The branching ratio for B — D*r{v is
only of order 10~* — 1075 although this calculation does not include possible
contributions from diagrams containing an intermediate D**. Numerical results
for various single particle spectra and their dependence on the pion momentum
cutoff schemes are presented in a series of figures. We also study the parity-

violation effects on the decay rates for different polarizations of the D*.

5.1 Introduction

The semileptonic decays with a soft pion are completely determined by the
Isgur-Wise function measured in B — D*/7 and the coupling constant that
describes the strong decay D* — Dm. The Feynman diagrams we use to compute
B — (D, D*)wlv are shown in Figs. 3 and 4. The matrix elements for these
decays are explicitly given in [8]. Here, we explore the implications in detail.
Furthermore, since the unknowns appear as an overall factor of the decay matrix
elements, many of the ratios of the differential spectra are free of any adjustable
parameter. Some of these ratios are presented in [19].

There is an experimental motivation to study the semileptonic decays of
the B meson with emission of additional pions. The 1992 Particle Data Group
(PDG) [20] gives

B(B* - D (*v) = (1.84+05)% , (133)
B(B® — D* (tv) = (4.94+0.8)% , (134)
B(Bt — D%"v) = (1.6 £0.71)% , (135)
B(BT — D*%"v) = (4.6 £1.0)% , (136)
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B(B — e*v, hadrons) = (10.7+0.5)% , (137)

where /¢ indicates e or © mode (not sum over modes), and the charge of B is
not determined in the last branching ratio (137). Clearly, beside the Dfv and
D*¢ modes, there exist other important semileptonic decays of the B meson.
There are indications from ARGUS [21] and CLEO [22] that B — D**{i gives
a significant contribution. It is still interesting to ask how large the branching
ratios for B — Dmlv and B — D*mlp are. It turns out that the branching
ratio for B — Dmlp can be quite significant, perhaps as large as 1%, while the
branching ratio for B — D*mli is much smaller, of order 10~* to 107°.

For a comparison of our work to other recent studies the reader is referred
to [19]. In our work, starting with the amplitudes given in [8], we derive explicit
formulae for the differential decay rates of both B — Dnlv and B — D*mlp.
Single particle energy spectra for D or D*, the electron and the pion are evalu-
ated numerically using Monte Carlo integration; their dependence on the pion
momentum cutoff schemes is studied. In the case of B — Dnlp, the D* pole
dominates the amplitude, and the rates for the D7 system in the resonant and
nonresonant regions (to be defined in Sec. 5.5) are sensitive to the total de-
cay width of D*. Although the charged D** decay almost exclusively to D,
the neutral D** has a substantial radiative decay contribution [23, 24]. Conse-
quently, the widths of D* are not simply related to the D* D7 coupling constant.
With theoretical results for the D*Dn coupling constant and the total widths
of D** and D*° [23], we are able to predict the decay rates for B — D*/i and
B — (D7) nonres/?. The definitions of resonating D7 (to be identified with D*)
and nonresonating D7 are given in Sec. 5.5. Our results for B — D*( for both
charged and neutral B mesons agree with the available data (134) and (136).

In the case of B — D*mlp, the single particle spectra are calculated for
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polarized D*. The underlying V' — A interaction of the quarks makes the spectra
polarization dependent. Instead of describing all these results in words, we

present them in a series of figures.

5.2 Kinematics

In this section we will review the kinematics of the decays
B—D+rn+(p, (138)
B— D +7+(. (139)
General kinematics for such processes has been studied by several authors before
[25, 26, 27, 28, 29]. We will pay special attention to the new features for the
latter where the polarization of D* is involved. It is well known that there are
five independent kinematic variables for these processes if the spin of the initial
state is zero or is not observed. Let the momentum of the B meson, D (or
D*), the pion, the charged lepton, and the neutrino be Pg, p, ¢q, pe and p,,
respectively. For the five variables we follow earlier authors’ convention and
pick
su=p+aq?

s, = (pe+p)

0 = the angle between p'in the D(D*)7 rest frame and the line of the flight of

the D(D*)7 system in the B meson’s rest frame,

0, = the angle between p; in the (v rest frame and the line of flight of the (v

system in the B meson’s rest frame,

¢ = the angle between the normals to the planes defined in the B meson’s rest
frame by the momenta of the D(D*)7 pair and the ¢ pair, respectively.

The sense of ¢ is from the D(D*)w plane to the /v plane.
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€

Figure 5: (a) General kinematics of B — D(D*)rlv. The dashed lines are the
lines of flight of the D(D*)m pair and lepton pair in the rest frame of the B
meson. Solid lines denote the line of flight of D (D*) and 7 in the M-frame
and that of the lepton and neutrino in the L-frame. The coordinates x, y, and
z are indicated, and the angles 0, 6, and ¢ are labeled. (b) The three linear
polarization vectors of D* in the M-frame. The vector €] is in x-z plane, €5 is
along the y axis and €3 is along p.

These variables are depicted in Fig. 5. In the same figure, we also display
the three orthonormal vectors associated with the 3-momentum of D* in the
D*7 rest-frame. They will be useful for describing the polarization states of D*.
The positive z-axis is along the line of flight of the D(D*)r system in the B

meson’s rest frame; the z-axis is in the D(D*)7 plane. The lepton mass will be

neglected. Now we form the combinations,

P=p+q, Q=p—q, (140)
L=pi+p,, N=pi—p, , (141)
and find
P-L= ;(mQB — Syp — SL) (142)
L-N=0, (143)
P-Q=m?—m?, (144)

Q* =2(m*+m2) — sy , (145)
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N? = —s;, (146)

where m? = m?%, or m%. as the case may be.

Three frames of reference are of particular interest: the B-frame in which the
B meson is at rest, the M-frame which is the center-of-mass frame of the D(D*)r
system, and the L-frame which is the center-of-mass frame of the lepton pair.
To construct some of the Lorentz invariants, it is often necessary to specify the
individual components of various four-vectors in one of these coordinate systems.

This information is provided in Appendix A. In particular, we find

2 _ 02
Q-N = <mm”>Xcosﬁg+ﬁ(P~L)cosﬁcosﬁg

SM
—/Sy S sinfsin 6, cos ¢ (147)
o= EHV)\HQMPVNALH = —/SmspBX sin @ sin 6, sin ¢ (148)
1 2 2
PB-p=§ [SM +27: T (m2B+SM—sL)—|—XBCOSH] : (149)
M
1 2 2
pB.q:2[SM+2T“ m (mQB—I—sM—sL)—Xﬁcos@] , (150)
M
171,
PB‘pg:§ [2 (mB—l—sL—sM) +XCOS€g:| ) (151)

where X and (3 are defined in Appendix A, and our convention is €yia3 = 1.

In the laboratory frame (the B-frame), the above relations become

PB P = mBEp s (152)
PB g = mBEq 3 (153)
PB cPe = mBEg . (154)

The four-body phase space element is given by
d’p ¢  Pp dp,
(2m)32E, (2m)32E, (2m)32E, (2m)32E,
x(2m)*0*(Pg —p—q—pi — ) . (155)

d(PS) =
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To reduce the above expression to a five-dimensional integral, we insert the

factors
d®P =
1= [ —dsyé*(P—p—q) , Ep=\P2+sy,
2Ep
3L >
L= / ﬁdSL54(L —pe—p) , Ep=VL*+sy,
L
then
d(PS) = dsyd ! Iyl 1
= S _—
M SL(27T)8 MirLiB
where

d*p d3q
I, = [22%9sup_,_
M 2E, 2F, (P=p=q)

= %ﬁdcos@ ,

d3pg (132)
—_— V54 L — — Dy

1
= gdcosﬁgdgzﬁ ,

I

d*P d®L
Ip = | ———6(Pg—P—1L
b 2Ep 2F;, (P )
X

= MT—Fs .
2
mp

Finally, we obtain the desired result

d(ps) = 2(4m)5m

The region of integration is specified by

0<sy<(mp—+sm)? ,

1
ﬁXﬁdstSLd cos fd cos O,dp .
B

(156)

(157)

(158)

(159)

(160)

(161)

(162)

(163)
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m+my)? < sy < m? , 164
B
0<0.,0, <7 |, (165)
0<¢<2m . (166)

In the next two sections we will consider the single particle energy spectra in
the laboratory frame (the B-frame). For this purpose we can make use of the
relations (147)-(151) and (152)-(154) to change variables from sy, and sg, to E,

and I, or B, and E,. For example,

a(Ep ’Ef)

-1
E.dE, . 1
8(5M,5L)] dE,dE, (167)

dSMdSL = [

The Jacobian in (167) can be computed from (147)-(151) and (152)-(154). Other
expressions for the four-body phase space element which were useful in doing
numerical calculations and verifying results are found in [30].

When performing Monte Carlo integration to compute a decay rate, con-
vergence is improved significantly by performing a change of variables which
“smooths-out” the integrand (variance reduction). When computing B — Dm{v
it is important to use this method since the resonance causes the propagator of

the intermediate D* to be very sharply peaked. A useful change of variables is:

/cd def(z) = /01 AN (@ = a)* + V) f(x) (168)

where
c—a

b

x(n) = a+ btan {tan_l < > + an: (169)

and

N= 2 [tan_l <d;a> — tan™! (C;a>_. (170)

The quantity in square brackets in (168) is used to cancel the nearly divergent

denominator of the D* propagator, thus reducing the variance of the integral.
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5.3 The Semileptonic Decay B — D + 7 + (v

The general formalism for this type of decay has been worked out by several
authors [8, 25, 26, 27]. The hadronic matrix element for this process contains
four form factors. We will not repeat the analysis here. As described in Sec. 4,
the combined heavy quark symmetry and chiral symmetry requires only a single
form factor to describe the decay, provided the emitted pion is soft.

The essential results are summarized below. The effective Lagrangian for
semileptonic weak decays is given by

Gr

Eeff = EJM]'M ) (171)

where G is the Fermi coupling constant, J,, the charged hadronic weak current
and j, the lepton’s charged weak current. To be specific, let us consider B —
Dt + 7% + e~ 7.. We have followed the convention that a B meson contains a b

quark, while a D meson contains a ¢ quark. The matrix element is given by

My; = f’/chMWO(Q)DWM | I | BY(Pg))u(poy" (1 = 25)o(p) (172)

where V3, is the CKM matrix element [31] for b — ¢ transitions. We will write

(@) D*(p) | I | BY(Py)) = g\ﬁmBch@gHy | (173)

where the pion decay constant f, = 93 MeV, f is the D*Dn coupling constant,

¢ is the universal Isgur-Wise function normalized to

Ew-v)=1 at v=0", (174)

and Cy, is the QCD correction factor
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“% [ (m ar,(vv')
ch(v-v') _ [Qs(mb)] [ s( c)] ’ (175)

ap(w) = 287 [\/% In (w + Vw? — 1) - 1] : (176)

The quantity H, can be extracted from the result in [8]; it is given by

H, =ww, + wng +rq, + iheuyxﬁq”v”\v”‘ , (177)

where the four-velocities v and v’ are defined by

Pgp =mpv p= mDU/ . (178)

The form factors w; 2, r and h are explicitly known in the soft pion limit:

wy = m , (179)

wy = —m) , (180)
r=-(+v) 2v'q:-2AB_2U’-q1—2AD (181)
h:2v-q}i-2AB_2v’-q1—2AD ’ (182)
Ag=mp-—mp , Ap=mp-—mp . (183)

In the numerical calculations, we have incorporated the finite width of D*,

['p«, to properly handle the D* resonance by making the replacement:
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1 mpx

184

The differential decay rate is then

_ 1
0 + 0, .—-\ _ 12
d (B - D"+ +e ) = T | My; [ d(PS)
Gimp [ f 2 ) (1 )
_ (Lo o 2 (- H H L
X  BXdsydsrdcos@dcosbdd (185)

where the lepton tensor L, is given by

Ly =4(L,L, — NN, — 55,94 — i€uae L*N®) . (186)

For a charged pion in the final state, the above expression (185) for dI" has to be

multiplied by 2 due to isospin. A straightforward but tedious calculation gives

1
EHMH:LW = |ww-L4+wy -L+rq-LJ?
h 2

—|wv-N+w'-N+rq-N—i o

QmBmD
—sz {| wy |? F(wiwy + wiws)v - v+ (wir* +wir)v - g

+ | wa |* +(wor* +wir)v’ g+ | 7 P mi+

+ P [m2 (0 v)?=1) = 2(v-g)(v/ - ) (v V) + (- v)?

+(hwy 4+ h*wy) [=(v - ¢)(L -0 )(N -v) — (v-0")(L-v)(N - q)
—(L-q)(N-v") + (v-v")(L-q)(N-v) + (L-v)(N - q)
+(v-g)(L-v)(N -]
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+(hw} + h*ws) [~ (v q)(L - ) (N - v) = (L v)(N - q)
—(v- ) (L q)(N )
(L q)(N -v) + (v ) (L) (N - q) + () q)(L-v)(N )]
+(hr* 4 h7r) [=m2(L-v) (N - v) = (g ') (L - v)(N - q)
—(q-v)(L- (N ) + (g )L g)(N - v)
g v)(L V) (N - q) +m2(L-v)(N )] . (187)

where o is the pseudoscalar defined by (148). In deriving (187) we have also

made use of the relations

1
e NGV = — 188
N VN = (188)
€ LNV = o, (189)
UVARK ZmBmD )
I VT ANK 1
€Vt q"L'N" = ———0 | (190)
mp
€uant"q" LA N" = —LO' . (191)
o 2mp

With the help of (147)-(151), (152)-(154) and (167), we can work out the
single-particle spectra dI'/dEp, dU'/dE, and dU'/dE,. They will be discussed
in Sec. 5.5.

5.4 The Semileptonic Decay B — D* + 7 + (v

The kinematics for this decay is very similar to the one discussed in previous
sections. The new feature here is the polarization of the vector meson D* which

we will exploit in our study.
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In analogy with (173) for B — Dr/v we define

O ()| I | BPa) = 5w 4 CatH, (192

where an extra minus sign is introduced here compared with (173) due to the
scalar products involving the polarization vector €, of D*. Heavy quark sym-
metry and chiral dynamics have a definite prediction for H;, when the emitted

pion is soft. In this limit we find from [8]

H, = ayv, + agv, + asq, + ac),
+ Q€™ (blqu"’“ + by " + bgvAv’“) , (193)
where
Pg =mpv p=mpv (194)
and

SR VR — (195)
a; = — e -
! —20-q—2Ap 20 -q+2Ap v

1 * *
az = _QU_q_QAB[(€-v)(v~Q)—€ q]

g ligman= 700 (g )"0

S P 1
1 1 .

= [—2v-q—2AB +2v’-(1] S (197)
]' / /
ay = [(q-v") = (v- ) (v q)]

—2v-q—2Agp
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[(q-v) = (v- ) -q)] (198)

B 1 L1
2w q—20Ap 2 -q

by (14+wv-2) (199)

1
by = 2
2 —2v-q—2Ap (200)
—(gq-v)
- 201
bs —2v-q— 2Ap (201)

In our numerical calculations for this process we will not employ the full prop-
agator (184) as we do for the decay B — Dn{p, since none of the intermediate
states can become real here.

The absolute value squared of the matrix element involves

1
ZH;H;*LW = |H -LP?—~|H -N||*—s,H  -H"

—ie" " H| HY LyN,; (202)

where the lepton tensor L, is the same as the one given by (186). Each term
in (202) is straightforward to compute, though it is tedious sometimes.

To begin with, we introduce the quantities

01 = E,LLVAHN'ug*VqAUm ) (203)
oy = EW,\KN“s*”qu” , (204)
03 = €uan NP0 M (205)

04 = e " (206)

and

O} = €unne™ e PV (207)



*U_V A K
0y = €uase "'V,

04 = €uane e v

oy = euyAne*us”L’\N“ .

Then, we find

H L = aw-L+aw -L+asq-L+as* L

+iU4(mel + mD*bg + bg) s

H N = aw-N-+aw  -N+asq-N+ae’- N

—Fi(dlbl + O'sz + 0'3b3) s

H/'H/*:Ta+Tab+Tb )

T, = |ai > +]as > +]as|*m2— | ay |* +(ara} + afaz)v - '

+(a1a3 + ajas)v - ¢ + (azxal + ajaz)v’ - q

+ajaye - v + ajase” - v+ agaye - ¢+ ajae - q

Tab = —Z-aleO'Z + ’ia*{blm; + ’iagb;O'Z — ia;b204
+iaszbsoy — iazbsoy
—z(a4b’{ + CLZbl)O'i - 2(a4b§ + (leQ)O'é

—i(asbi + ajbs)oy

Ty = b [m2+ e q” —(q- )]
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(208)
(209)

(210)

(211)

(212)

(213)

(214)

(215)
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b [P [m2 = (€ q) (e v)(g-v) = (- v)(e-q)(g - v)+ e q
+|e - vPm2 = (q- v)?]
+ by P14 o0 P —(v- o)
+hbs [m2 (v ') — (67 v) (- ) )+ [ £ g P (v-) = (g v)(g- V)]
+biby [m2(v-v') = (- 0)(e" ) - @)+ [ £ q P (v-0) = (g v)(g- V)]

+bobs (g v) (v v)= e v [ (g ) + (£ v)(e - @)(v- V)

—(g-")]
+b3bs [(q-v)(v-v)) = [e-v [P (g-0)) + (- 0) (e g)(v- V)
—(q-")]
+bsbi [(q - v) + (7 - q)(e - v) = (q-v)(v- V)]
+b3b1 [(q - v) + (e - q)(e™ - v) = (g-v)(v-0)] . (216)

Similarly, we write

i H HL\N, = R, + R + Ry, , (217)

where

. 1 1 1
R, = ilas|? o)+ Im{a <— a1ay + —aya; + QQCL;)
mpmps mp mp-

—207 (aga; — mp-asay) — 205 (mpasay + a1a))

+20; (mp-aja; + mBagaZ)} (218)

Ray = 2Re{ajbi[(v-")(L-q)(N-0") + (N -e")(v-q)(L-V)
(L )N - q)(v- )
—(L-e)(v-q)(N-v) = (N-e)(L-q)(v-v) = (v-e)(N - q)(L- )]
+ayby [(v-e)(L-q)(N-v) + (N -e")(v-q)(L-v) + (L-e)(N - q)
—(L-e)w- (N -v) = (N-)(L-q) = (v- )N -q)(L-v)]
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+aibs[(v-e)(L-v)(N-v)+ (N-e)L-v)+ (L-e*)(N-v)(v-0)
~(L-e)(N-v) = (N-)(L-v)(w-0) = (v-)(N - v)(L - v)]
+azby [(N - e)(v' - q)(L V) + (L") (N - q)
—(L- )W q)(N ) = (N -")(L - q)]
tazby (N €)W - q)(L-v) + (L) (N - q)(v- )

~(L- )W - q)(N -v) = (N -e)(L-q)(v-v)]
+asbs [(N - ") (v- V') L)+ (L-e)(N-v)— (L-e)(v-v)(N )
—(N-&)(L-v)]
tazby (- ) (L q)(N -v) + (N - e )m2(L - v')
+H(L-e)(N - q)(g-v)
—(L-)mA(N ') = (N &) (L q)(g- V) = (q- ) (N - g)(L-v)]
+azby [(q- ) (L q)(N -v) + (N - )m2(L - v) + (L") (N - q)(q- )
—(L - )m2(N -v) = (N - )L q)(q-v) = (q- ) (N - q)(L - v)]
tazbs [(q - €*)(L-v)(N ') + (N - )(g - v)(L )
+(L )N - v)(g )
—(L-e)(g-v)(N ') = (N -e)(L-v)(g-v') = (g )N -v)(L-)]
+aiby [—(L - q)(N ) + (N &) (e q)(L-v)) = (L-)(e - q)(N o)
+(N - q)(L )]

+azby [—(L - q)(N -v) + (N - €")(e - q)(L-v) + (L) (N - q)(e - v)
—(L-e")(e-q)(N-v) = (N-)(L-q)(e-v) + (N -q)(L-v)]
+azhs [—(L-0)(N-0') + (N -€7)(e - v)(L-v') = (L-€7)(e - v)(N - V)
H(N o) (L]}, (219)
and
Ry = —Im{[(L-v)(N-q)— (L-q)(N-v)] (| b1 |* 01 + b3br0} + bjbroh)

+[(L-0)(N-q) = (L-q)(N )] (| b2 |” 0% + bibao] + bjbact)
+[(L V) (N - v) = (L 0)(N - )] (] bs |* o + bybso + bibso)
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+[(L-q)(N-€") = (L-€)(N - q)] (b]b2 — b3b1) 0}
+[(L-e)(N-v) = (L-0)(N - e7)] (b3b3 — b3b2) 0
+[(L-0)(N ") = (L) (N - v))] (biby — bibs) o} - (220)

The polarization state of a massive vector meson is not a Lorentz invariant
concept. A state with a definite polarization in one frame of reference will
become a linear combination of states with different polarizations in another
frame of reference. When the polarization of a vector meson is specified, we
have to give the frame of reference in which it is defined. In our numerical
calculations and results to be presented in the next section, we will employ
states of D* with definite polarizations in the rest frame of the 5 meson (the B-
frame). The polarization vectors in the M-frame and their Lorentz transforms
in the L-frame are provided in Appendix A. Polarization vectors in the B-frame

are not explicitly given, but they are not difficult to construct.

5.5 Results and Discussion

In this section we make use of the results obtained in the last two sections to
compute the single particle spectra for the charmed meson (D or D*), the pion
and the electron, and the total rates for B — D + 7+ (v and B — D* + 7 + (7.
These results are presented in a series of figures. The energies in the single
particle spectra of these figures are those measured in the rest frame of the
B meson; the polarizations of D* are also specified in the B-frame. Since the
validity of chiral symmetry demands the emitted pions be soft, we must impose
cutoffs on the pion momenta in our calculation. It is not clear how soft a pion
must be for chiral symmetry to work, nor is it obvious in which reference frame
the pion has to be soft. For the problem at hand, there are two obvious frames:

the rest frame of the B meson and the rest frame of D(D*) system. As the
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pion is soft, the center of mass frame of the D(D*)m system is approximately
the same as the rest frame of the D(D*) meson. We refer to the latter as the
D-frame or the D*-frame as the case may be. Results are presented with the
pion momentum cutoff in the B-frame, the D-frame, or both. We simply cut off
the pion’s 3-momentum at 100 MeV /c or 200 MeV/c in the appropriate frame
of reference. Comparison among the plots for different cutoffs should give some
idea of the sensitivity of our results to the different cutoff procedures. Generally
speaking, the shapes of various spectra do not differ very much. The rate for
B — Dmlv does not change by much, but that for B — D*r/{v varies by almost
an order of magnitude.

Throughout our calculations, we use the following values of the well-measured

parameters [20, 32]:

mp+ = H278.6 MeV, mpo = 5278.7 MeV, mp- = 5331.3 MeV,
mpo = 1864.5 MeV, mp+ = 1869.3 MeV, mp«+x = 2010.1 MeV,
mp- = 2007.1 MeV, fr =93.0 MeV, Gp =1.16637 x 1071 MeV2(221)

We also use

f=-15, Tpus=141keV, Tpwo=102keV . (222)

In (222), the value for the fundamental coupling constant f is the one from the
quark model given in [8], and the D* widths are the prediction from [23]. We
also used other values for I'p- as shown in Figs. 9-12. As for the Isgur-Wise

form factor, we use the one given by Burdman [33]

y)=1-p(y—1)+cly—1). (223)
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with

p=108+010, c¢=062+0.15. (224)

In his fit Burdman found
|Vep| = 0.041 £ 0.005 £ 0.002 , (225)

which is somewhat smaller than the values obtained by several experimental
analyses [34]. But it is not easy to compare (225) with other analyses since
Burdman’s fit includes QCD corrections. As a result, (y) given by (223) is only
applicable to B — D(D*) decays.

We now consider some details of the decays B® — D + 7 + ¢v. Since the
intermediate D* can be on its mass shell, results for this decay rate are separated
into two categories: resonant and nonresonant. The resonant part is defined as

those events with the invariant mass of D7 satisfying [35]:

| m(D’/T) —mp- |< 3 ps . (226)

All others are nonresonant. For comparison with experiment, the resonant part
is identified as B® — D*(v followed by the decay of the D* to the specific
D state, while the nonresonant part is identified as B — Dnfp. We have
found that the contribution from the D* pole dominates both the resonant and
nonresonant decays. Since the most important Feynman diagram is Fig. 3b,
where the pion is emitted in a transition from D* to D, it is most reasonable
to cut the pion’s three momentum off in the D-frame. We see from Figs. 6-8
that the shapes do not change much between the single-particle spectra in the
resonant region and their counterparts in the nonresonant region. However, the
rates in the resonant region are larger than those in the nonresonant region

by a factor of 7. When the cutoff increases from 100 MeV to 200 MeV, the
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1.4x 10 : : : : :

Resonant —
1.2x10 Non-Res, 100MeV Cut ------- -
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8x10°

6x10° |

dr/de,
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1800 2000 2200 2400 2600 2800 3000
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Figure 6: The energy spectra of the D meson from B° — D%zl 7, in the
resonant region (solid line) and in the nonresonant region (broken lines). Shown
are effects of two pion momentum cutoffs (100 MeV and 200 MeV) in the D-
frame on the nonresonant contributions. The bump at the high energy end is an
artifact of the simple cutoff imposed on the pion. The resonant contribution is
not affected by these pion momentum cutoffs. The spectrum is in units of MeV
/ MeV.
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7x 10 FNon-Res, 200MeV Cut -
6x10° |
5x107%° b
4x10°
3x10° }
2x 1010 b

1x10° } -

dr/dE,

0 500 1000 1500 2000 2500
E. (MeV)

Figure 7: The energy spectra of the electron from B° — D+l 7, in the reso-
nant region (solid line) and in the nonresonant region (broken lines). Shown are
effects of two pion momentum cutoffs (100 MeV and 200 MeV) in the D-frame
on the nonresonant contributions. The resonant contribution is not affected by
these pion momentum cutoffs. The spectrum is in units of MeV / MeV.

Resonant — 1
Non-Res, 100MeV Cut -------
Non-Res, 200MeV Cut .

100 150 200 250 300 350
E. (MeV)

Figure 8: The energy spectra of the pion from B® — D 7%, in the resonant
region (solid line) and in the nonresonant region (broken lines). Shown are
effects of two pion momentum cutoffs (100 MeV and 200 MeV) in the D-frame
on the nonresonant contributions. The resonant contribution is not affected by
these pion momentum cutoffs. The spectrum is in units of MeV / MeV.
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nonresonant rate increases by about 15%. The pion momentum cutoff of 100
MeV or 200 MeV in the D-frame has no effect on the resonant contribution, since
the pion momentum in this frame is only about 40 MeV. We have investigated
the sensitivity to I'p« of the shapes of the single particle spectra. They hardly
change as ['p+ varies from 0.1 MeV to 1 MeV.

To estimate the branching ratios of decays B® — (D7),es + € ¥, and B® —

(D7) nonres + €~ Ve, We first convert the mean lifetime of B mesons [20]

75 = (12.9+0.5) x 107 s | (227)

to a total decay width of

h
Ip=—=(0.5140.02) x 107" MeV . (228)
T

The width I'p- also affects the total decay rates for B® — (DT)yes + €~ e and
B — (D7)uonres + € .. The dependence of the integrated rates on I'p- is
displayed in Figs. 9-12. We have fixed the value of f in the amplitudes by
(222), but have treated I'p« as a free parameter in the D* propagator (184).
In this way, a linear relationship between the integrated rates and 1/I'p« is
expected theoretically. The details are presented in Appendix B. We notice that
as I'p- varies from 0.1 MeV to 1 MeV, I'[B® — (D*79),0 + €~ 7] decreases from
about 1.2 x 107! MeV to 1.2 x 107'2 MeV for gmax = 100 MeV or gmax = 200
MeV. For g¢u.« = 100 MeV, the corresponding change for the rate I'[B° —
(D7) ponres + €7 7] is from 1.5 x 10712 MeV to 2.2 x 10713 MeV. For guax = 200
MeV, the corresponding change in the nonresonant rate is from 1.6 x 1072
MeV to 3.7 x 10713 MeV. Similar variations are also found in the rates for
B~ — D% %, with respect to changes of I' o+ and the pion momentum cutoffs.

Because mp-0 < mp+ +m,—, the rates for B~ — (D77 )s€” 1 are completely
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Figure 9: The decay rates I'(B° — D*7%~#,) (labeled as neutral pion) and
['(B° — D°r*e~1,.) (labeled as charged pion) in the resonant region as a func-
tion of 1/T'p«. The pion momentum cutoff of 100 MeV or 200 MeV in the
D-frame has no effect on these rates.
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Figure 10: The decay rates ['(B” — D*n% ) (labeled as neutral pion) and
['(BY — D% *e 1) (labeled as charged pion) in the nonresonant region as a
function of 1/I'p«. The pion momentum cutoff is 100 MeV in the D-frame.
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Figure 11: The decay rates I'(B~ — D%~ 1,) (labeled as neutral pion) in the
resonant region as a function of 1/T'p«. The other mode B~ — D*n e 1, is
kinematically forbidden in the resonant region. The pion momentum cutoff of
100 MeV or 200 MeV in the D-frame has no effect on these rates.
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Figure 12: The decay rates I'(B~ — D%%~7,) (labeled as neutral pion) and
I'(B~ — D*n~e 1) (labeled as charged pion) in the nonresonant region as a
function of 1/T"p+. The pion momentum cutoff is 100 MeV in the D-frame. See
Appendix B for an explanation of the different behavior of the two decay rates.
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negligible. The rates for B~ — (D77 ) jonres€” Ve are nearly independent of T'p-.
See Appendix B for more discussion on B~ — DTr~ e 1,.

From Figs. 9-12, we find the decay rates with a neutral pion

[[B° — (DT71")es + € 7] = 8.50 x 107'* MeV, (229)
L[B° — (D7) nonres + € 7] = 1.09 x 107 MeV, (230)
[[B™ — (D7), + € 7] = 1.78 x 107 MeV, (231)
LB~ — (D7) onres + € 7] = 2.16 x 1072 MeV. (232)

The corresponding branching ratios are

B[B" — (D"1%)es + €7 0] = 1.67%, (233)
B[B° — (D" 1) nonres + € 7] = 0.21%, (234)
B[B™ — (D)5 + € 1) = 3.49%, (235)
B[B™ — (D°7°)nonres + € 7] = 0.42%. (236)

If we identify the D7’s in the resonant region with the D*, (233) is the combined
branching ratio for B® — D**e~ i, and D** — D*7% The decay D** — D*r°
is predicted to have a branching ratio of 31.2% [23], thus

B[B® — (D7) s + 7]
B[D**+ — D+79]
— 5.35%. (237)

BB — D" +en] =

The agreement between (237) and the data (134) is very good. Encouraged
by this success, we would like to relate (235) to the branching ratio of B~ —
D*e~1,. To do this we notice that D*® — D¥7~ is kinematically forbidden,
and D** has a substantial radiative decay. Using the branching ratio of 66.7%
for D*0 — D%7Y [23], we find

B[B~™ — D* + e 1] = 5.23%, (238)
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which agrees with the data (136). The success of the predictions (237) and (238)
represents a triumph for heavy quark symmetry; it is independent of the chiral
symmetry of light quarks. For the nonresonant D7 final states, we can read

off from Figs. 10 and 12 the contribution from processes with a charged pion.

Combining this with (229)-(232) and (233)-(236), we find

B[B® — (D)} e + € 7] = 0.68%, (239)

nonres

B[B™ — (D7)° es + € 7] = 0.45%. (240)

nonres

We notice in passing that isospin symmetry is reasonably good for B° decays
but not so for B~ decays, as a consequence of the fact that mp-o < mp+ +m,-.
So far, the results quoted above are for gu.x = 100 MeV in the D* frame. For

(max = 200 MeV, we obtain

B[B® — (Dm)f .o + € 7] = 0.77%, (241)

nonres

B[B™ — (D7) ses + € 7] = 0.53%. (242)

nonres

As mentioned in Sec. 5.1, there appears to be a deficit between the branching
ratio for the inclusive semileptonic decays B — e*v,.+hadrons and the sum of
the two exclusive channels B® — D~ /*v and BY — D* ¢*v. Our study shows
that the nonresonant decay B® — Dm/v can have a substantial branching ratio,
although not enough to account for the difference. Nevertheless, it is measurable
and is interesting in its own right.

Before we leave the subject of B — (D7)nonresf?, we would like to repeat a
comment made in Appendix B. The results for nonresonant contributions (230),
(232), (239)-(240) and (241)-(242) are very sensitive to the definition (226) for
resonant contributions. To compare our predictions with future experiments,

we must bear this point in mind. Of course, the sum of the resonant and
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Figure 13: The energy spectra of the D* meson with different polarizations in
the B-frame from B° — D**7%~ 7, with a pion momentum cutoff of 100 MeV
in both the B- and D*-frames.

nonresonant contributions is independent of this arbitrary division into resonant
and nonresonant parts.

We now turn to the decay B° — D*Tn%~#,. The results for the pion
momentum cutoff in both the B and D* frames are shown in Figs. 13-15. For
similar graphs where the pion momentum is cut off only in the B frame see
Figs. 11-13 of [19]. The overall rates are smaller than B® — Dr/ by two or three
orders of magnitude. For this process, we have imposed the pion momentum
cutoff in the B-frame or in both the B-frame and the D*-frame. We see that
different cutoffs give significantly different rates. In addition to the figures,
integrated rates for B — D*Tn% 7, are given in Table 1.

The polarization of the vector meson D* is a new feature of this decay. It can
be exploited to study the nature of weak interaction dynamics. In Figs. 13-15,
we show the single particle spectra for each polarization of D* in the B-frame.

In all cases, contributions from the left-handed and longitudinal polarizations
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D* polarizations in the B-frame with a pion momentum cutoff of 100 MeV in
both the B- and D*-frames.

3.5x 1077 :

Total —
3x 107 | Longitudinal ------- i

25x10%7 b

2x 10

dr/de,,

1.5x 10717 b
1x107 b

5x1078 |

0
130 135 140 145 150 155 160 165 170

Figure 15: The energy spectra of the pion from B° — D**7% =1, for different
D* polarizations in the B-frame with a pion momentum cutoff of 100 MeV in
both the B- and D*-frames.
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Table 1: Integrated rates of B — D**r%~p, with different pion momentum
cutoff. We also list the branching ratios and the percentage contributions from
each polarization of D* in the B-frame. The longitudinal, left-handed and right-
handed polarizations are labeled Ly, L and R, respectively.

cutoff pion mom. rate (MeV)  branching Lo(%) L(%) R(%)
frame cut (MeV) ratio

B 100 3.20 x 107* 0.63 x 107° 26 Y 17
B 200 1.84x 107" 036 x 107* 30 52 18

B and D* 100 9.62x 1071 0.19x 107 27 54 19
B and D* 200 1.04x 107 020x107* 33 48 19

dominate that from the right-handed polarization. This can be simply under-
stood as a result of the V — A coupling of the quarks to the W* bosons. The
charmed quark produced by the B decay is predominantly left-handed. The
helicity of this charmed quark will not be affected by the creation of the soft
pion by the light quark interactions. A simple reflection will show that a left-
handed charmed quark can only lead to a vector meson D* with a left-handed
polarization or a longitudinal polarization. Since the charmed quark has a finite
mass, there is some contamination from the right-handed component. This con-
tamination should be small when the charmed quark (hence D*) is energetic.
This reasoning is indeed borne out by our calculations.

Our results so far rely on a specific fit to the Isgur-Wise form factor and a
choice of the values of f, V, etc. All these uncertainties will disappear if we
take the ratio of the corresponding quantities at the same value of v - v’ in the
decays B — Dnlv and B — D*mli. These ratios are the model independent
predictions from the heavy quark symmetry and chiral symmetry. They are
displayed in Figs. 17-20 of [19]. We await the day when we will be able to

compare these curves with experimental data.
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Figure 18: The decay rates I'(B° — D**7% 1) as a function of the pion mo-
mentum cutoff in both the B- and D*-frame.

To get a better idea of how the decay rates depend on the pion momentum
cutoffs, we have extrapolated our results beyond the soft pion limit. In Figs. 16-
18, we show the various decay rates as a function of the pion momentum cutoff
in the B-frame, the D-frame, or both. Since B — (D7 )ponresf¥ is dominated by
the D* pole, it is not very sensitive to a change in cutoff. Unfortunately, for
B — D*mlp the rates vary rapidly with the cutoff at low pion momenta. This
exercise raises an important question: What constitutes a soft pion?

Finally, so far we have completely neglected the contribution from B —
D**lpv, D** — D*mr. Theoretically, this is justified since D** and D* are non-
degenerate, so the amplitude vanishes in the soft pion limit. However, this
contribution can be important in practice. It certainly deserves further study
[36]. In order to compute rates involving an intermediate D** one needs form
factors in addition to &(v - v'). These form factors have not yet been measured
experimentally or computed on the lattice. Constituent quark model predictions

for the necessary form factors are given in [37].



6 Lattice Gauge Theory — Introduction

Quantum Chromodynamics (QCD) is an asymptotically free theory, so it is
possible to calculate short-distance quantities using perturbation theory since
the coupling is small. But there are a number of quantities that cannot be
computed with perturbation theory, such as the spectrum of hadrons, form
factors for hadron interactions, and quark confinement. To truly test whether
or not QCD describes reality, its non-perturbative predictions must be analyzed.
The desire to study the non-perturbative aspects of QCD led Wilson to formulate
lattice QCD in 1974 [38]. In lattice QCD we approximate the universe by a finite
number of points arranged on a finite grid. Typically (and in all work described
in this dissertation), periodic boundary conditions are used. The space between
adjacent points on the grid is denoted a, and we require the theory to give the
continuum result as a — 0.

In this dissertation we examine the connection between lattice perturbation
theory and Monte Carlo simulations. It is important to be able to compute the
coefficients in the pertubative expansion in order to understand the relationship
between the bare parameters that are input in a simulation and the physical
values that they correspond to. We show that Monte Carlo simulations can
be used to compute coefficients in the lattice perturbation theory expansion.
This is significant because computing the coefficients using Feynman diagrams
is considerably more tedious for the lattice theory than it is for the continuum
theory. Specifically, we will use Monte Carlo to compute the 2-loop term in the
mass renormalization of a quark by making use of the tree and 1-loop results

from lattice perturbation theory.

64
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6.1 Discretizing QCD

In the lattice formulation, we work in Euclidean space to improve the conver-
gence of path integrals. To achieve this, we perform a Wick rotation of the time
integral in the action as is done in [39] on p. 180. Performing the Wick rotation

and defining tg = it gives

iS = z/ diel = i/_ dt/d?’xﬁ(t,f) :/ th/d?’xL(—z’tE,f) .
(243)
This expression is used to find Euclidean actions from Minkowsky actions. For

example, for a scalar field
Loy 2 2 1 3 2 2
S=5 / &gl —milé = Sp=; / dtpdPrd[—0% + m2)¢,  (244)

where 0g = (V,0/0tg) (Lorentz index now runs from 1 to 4) and the Euclidean

metric is diag(1,1,1,1). For a continuum fermion field, we get
S = / d*z[i) —mly = Sp= / dt pd> ) [0pyE + Mo, (245)

where 75 = (—17,7). The Euclidean gamma matrix relationships are derived
in Appendix C. For the remainder of this dissertation, we will consider only
Euclidean actions, so all subscripted E’s will be dropped.

To discretize the theory, we convert derivatives into finite difference oper-
ators. Care must be taken to ensure that in the limit as the lattice spacing
goes to zero, a — 0, our discretized action gives the continuum result. Many
discretized actions are possible which have this property. Throughout, we will
deal with parameters and fields which have been rescaled by factors of a such
that everything is dimensionless. Although a won’t appear in our calculations
explicitly, it is present implicitly in the 5 parameter (to be defined later). The

lattice theory is a regulated theory with maximum momentum ~ 7/a. The
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lattice regulator does not preserve Lorentz invariance, but does preserve gauge

mvariance.
6.1.1 Link Variables

When a continuum theory contains a continuous global symmetry, we can make
it invariant under local symmetry transformations by replacing 9,1 with D,
where D, is the gauge covariant derivative of the fermion field. This replace-

ment is necessary because under a unitary gauge transformation,

Y(x) = Gle)(zr) = O(x) — G(x)0(x) + (0,G(2))Y(x) (246)

so quantities in the action such as ¢ (x)@(z) which are invariant under a global
transformation are not invariant under a local one. We construct the gauge
covariant derivative by adding a gauge boson field, A(z), which transforms in
such a way as to cancel the unwanted term that arises from 0,1 (x) under a
local gauge transformation. Thus, D, transforms like 1) under a local gauge

transformation (see [40] for example). The gauge transformation rules are:

U(x) — G(z)p(z)  Dyb(z) — G(z)Duy(z) (247)

where
D,p(x) = [0, + igoAu ()Y (x), (248)

and A transforms according to
Au(@) — G(2)A,(2)G (2) — —G(2)9,G1 (2). (249)
9o
Quantities such as (x)Py(x) are invariant under local transformations.
We must modify this approach somewhat for the lattice theory. On the lat-

tice, our derivatives become finite differences, so a local field won’t be sufficient
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to patch-up our derivative operator in order to make it gauge covariant. We can

approximate the derivative of a field by

0,(n) = 5[0+ ) = ¥ — ) (250)

where ¥ (n + p) means the field at the lattice site which is one step in the p’th
direction from site n. To make quantities such as ¥(n)d,(n) invariant under
local transformations, we have to introduce a field U,(n), called a “link variable”

which transforms in a non-local way (see for example chapters 5 and 6 of [41]):
b(n) = Gem)  Upn) — GG (n+ ). (251)

The link field is related to the gauge field that we introduce in the continuum

case by
n—+p

U,(n) = Pexp {igO/n szA,,(z)} (252)

where there is an implicit summation on v and the line integral is along a path
connecting sites n and n + p on the lattice. The P means that the A,’s are
ordered along the path of integration. Note that sometimes a different notation
is used in the literature: U,(n) = U, 4+, From (252) we see that link variables
can be thought of as living on lines (links) connecting adjacent lattice sites. Now

we can construct a covariant finite difference operator:

Dyb(n) = (U0 + ) ~ Ul = o — )], (259
which transforms like
D,(n) — G(n)D,(n). (254)

The link variables can be represented diagramatically as shown in Fig. 19. Note

that Uf(n) = U_,(n+ p).
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Figure 19: Diagrammatic representation of link variables

6.1.2 Wilson Fermion Action

Now we are ready to construct the fermion action. From (245), a naive fermion

action would be

Sp =)D +mol(n). (255)
However, if we transform this to momentum space and invert to find the prop-
agator, we find that it does not produce the continuum behavior in the limit

a — 0. The problem is that the denominator of the momentum space propagator

is of the form (after putting the a’s back in):

2
+mg, (256)

> [clz sin(p,a)

I

If pya were much smaller than 7, we could approximate the sine function by
just p,a and we would get the continuum theory in the limit ¢ — 0. But, the
largest allowed momentum gives p,a = 7, which corresponds to a zero of the sine
function. This is known as the fermion doubling problem. Several techniques
have been developed to deal with this problem, and it is still an active area
of research. Some of the older techniques are due to Wilson [38], and Kogut
and Susskind (staggered fermions) [42]. For a more complete description, see
chapter 4 of [41]. We will use Wilson’s technique which involves adding a term
to the action which removes the extra zeros from the momentum part of the
propagator denominator. The extra term is proportional to ¥0v, where O is
the lattice laplacian operator. Naive dimensional analysis shows that this term
should vanish linearly with a. However, notice that this term breaks chiral

symmetry (regardless of whether or not the fermions have mass) so the Wilson
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method is not appropriate for studying spontaneous chiral symmetry breaking

on the lattice. Our action is now

Sp") = Sp— 5 3 6() [Uum)d(n+ ) = 20(n) + Uln — pp(n — w] , (257)

where 7 is the Wilson parameter which we will typically set to 1. We can rewrite

this as
S =" P(n)K (U, n,m)e(m) (258)

with

K(U7 n, m) = (mO -+ 47’)5n,m

- ; > [(7’ = V) U(10)0npm + (r + VM)U;E(WJ - M)5n_u,m}(259)

It is common to describe the quarks with the parameter

1

_ 260
8r + 2my (260)

K

6.1.3 Gluon Action

To find a suitable lattice gluon action in terms of link variables we need to look

at (252). As a — 0, we can approximate the link variable by
Uu(n) ~ exp {igoA,(n)} = 1+ igoA,(n). (261)

To construct the lattice version of the field strength tensor, F),,, we look at the

plaquette (see Fig. 20):
Uuw(n) =U,(n)U,(n+ ,u)U;(n + 1)Ul (n) (262)
which, using (261) and the Baker-Hausdorff formula

€A€B — €A+B+[A,B}/2+...’ (263)
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Figure 20: Diagrammatic representation of the plaquette

gives (for small a)

Uy () = €908, (264)

where

Fu(n) = 9,/A,(n) — 0,/ Au(n) + igo[Au(n), Ay (n)], (265)

with 9%fA,(n) = A,(n + p) — A,(n). Now we can write down the gluon action

for gauge group SU(N):

1
_ T
SG_ﬁsz 1— 2NTr{Up+UP} (266)
where
2N
f=—, (267)
90

and the sum is over all plaquettes P. We will be interested in N = 3 (QCD).
Note that the constant term in the action can be dropped since it will always
be canceled out when we compute expectation values of operators. For a more

detailed treatment of the gluon action see [41].
6.1.4 Expectation Values

Now that we have the necessary actions, we can compute expectation values of

time ordered products of operators using path integral methods. For example,
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the quark propagator is given by

G(z,y) = (0]T¢(x)(y)|0)
= ;/DUDWM V(@) (y)exp {~Sa(U) = S5 (U, )} (268)

where
7= / DUDYDY exp {~Sa(U) — S¥7 (U4, 4)}. (269)

The integration over fermion fields can be done by using a generating functional

(see section 2.2.4 of [43], or 6.7 of [39]),

_ _ W), rr = ¢ ) _
| PIDY e {8 0 )} = s ZelU ] .
(270)
where
ZelUon.i) = [ DiDYexp{ = [do [P0+ 70+ dnl}. 1)
Defining 1, = —K ' and 1),, = —7K ', we can rewrite this as
ZelUn, i) = [ DIDvexp { = [ dw[~7K "+ (6 = dn) K6 = )]},
(272)
which we integrate to get
ZelUsn, ) = exp { [ danke ™ (U} det {1 (U)} (273)

Finally, we put these results into (268) giving
1
Gla,y) = - [ DUexp {=Sa(U)} det {K(U)} K\ (Usa,y)  (274)

with
7z = / DUexp {—Sa(U)} det { K (U)} . (275)
On the lattice, the path integrals become a (large) finite number of integrals

and we can interpret (274) as a statistical expectation value with the probability
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density given by

;exp{—SG(U)}det {K(U)}. (276)

Then, Monte Carlo methods can be used to do the computation (for algorithms,
see [41]). Often, the “quenched approximation” is made, where det { K(U)} is
taken to be a constant. This improves the speed of calculations. All calculations
presented in this dissertation were performed in the quenched approximation.
To do Monte Carlo simulations we can generate a set of gauge configurations
for a particular § and lattice size using Monte Carlo methods and store them.
Then, a propagator (or other quantity) can be computed by reading in the gauge
configurations and evaluating the expectation value. Generally, generating the
gauge configurations requires significantly more computer time than evaluating

the expectation value.
6.1.5 Gauge Fixing

Gauge fixing is necessary in perturbation theory to make the gluon propagator
well defined. If gauge invariant operators are to be measured in a Monte Carlo
simulation, gauge fixing is not needed. However, to examine gauge dependent
operators such as the fermion propagator the gauge must be fixed. Since the
fundamental gauge fields on the lattice are U, instead of A,, we must figure out
how to translate the familiar gauge conditions from the continuum theory to
the lattice. For Landau gauge fixing, the condition is 0#A, = 0. On the lattice,
Landau gauge is obtained (for small a) by maximizing the quantity
= 1

Sy T{U,) :ZZTr{l—zggAuAu—i—...} (277)

T p=1 T p
where the term linear in A, is dropped because its trace is zero, and the sum
over x is over all lattice sites. To see that this gives Landau gauge, we look at the

continuum quantity equivalent to the Ai term. We want to show that the condi-
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tion on A,, which extremizes this term is in fact the Landau condition 0# A, = 0.
So we use (249) to write the relevant term after a gauge transformation:
; 2
X=Tr{> / d'x [GAHGT — GaﬂGﬂ (278)
0 go

and we find the condition on A, which extremizes X for G = 1. We substitute
G(z) = exp(iap(z)T?) into (278) and evaluate the functional derivative with
respect to ag(z) at a(x) = 0:

0X
5043(9)

=Tr {—2i¢aHAMTB} = iaNAf (y). (279)
a(y)=0 90 9o
So, the gauge which extremizes X is the one where 8NAf(y) = 0 for all B and
y. In a similar way, we compute Coulomb gauge by maximizing
3

> T {U.} (280)

T p=1
where the x sum is over all sites in a particular time slice of the lattice and the
Lorentz index is only summed over spatial values. This maximization is done
for each time slice separately. Then the quantity analogous to the X in equation
(278) contains a three (instead of four) dimensional integral, and we take ap to
be a function of Z instead of x,. Setting the functional derivative to zero gives
V-A=0as expected. Note that Coulomb gauge fixing does not completely
fix the gauge since a transformation which depends only on time (not #) does
not change the quantity in (280). Axial gauge fixing can be done very efficiently
on the lattice since it only involves setting certain link variables to the identity
matrix (see section 13.1 of [40]). For a discussion of “Laplacian” gauge fixing
and various aspects of lattice gauge fixing, see [45]. For a description of the

Fourier acceleration method of performing Landau gauge fixing, see [46].
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6.1.6 Relating a to (¢

We have been leaving the lattice spacing, a, out of the equations so far because
quantities have been scaled by factors of a in order to make everything dimen-
sionless. So, how does the lattice spacing enter into the problem? If we consider
just the gauge sector of the theory, we see that there is only one adjustable
parameter — the bare coupling gog. It is the choice of the bare coupling that
determines the lattice spacing. To see this, we turn the situation around and
consider the question: For a given lattice spacing, what is the appropriate choice
of the bare coupling to give a good approximation to the continuum result? We
denote the appropriate coupling for a particular lattice spacing as go(a). The
requirement that the lattice theory is a good approximation to the continuum

can be written as (for sufficiently small a)
Q(R) = Q(R,a, go(a)) (281)

where Q(R) is some continuum quantity which depends on some physical length
R, and Q(R, a, go(a)) is the corresponding quantity measured on the lattice. The
equality is considered to be true up to order a™ where the value of n depends
on the finite lattice spacing errors in the theory. We can write R = Ra where R
is a dimensionless quantity which measures a distance in terms of lattice units.
The right hand side of (281) can be measured for some value of gy and R and
the left hand side can be used to determine what value of R this corresponds
to, which gives us a value for a. Once we know gy(a) for one value of a, we can
in principle compute it for other values of a by using the renormalization group.

To see this, take the total derivative of (281) with respect to a:

0 0

0= [aaa . ﬁ(g())ago] O(R, a, go(a)) (282)
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where
B(go) = —a——. (283)

If the functional form of Q(R, a, go(a)) is known (for example from perturbation
theory), we can solve for dgyg/da and integrate to get a as a function of gy with
the constant of integration determined by the single value of gy(a) found earlier.
An example of this can be found in section 9.2 of [41] where Q is taken to be the
static qg potential. Since 3(go) is negative (to lowest order it is —11g3/1672)
the a — 0 limit corresponds to gy — 0. Because of the correspondence between
the lattice spacing and the bare coupling, it is common to describe the lattice

spacing for a simulation by quoting the value of 5 = 6/g2.

6.2 Lattice Perturbation Theory

Although lattice gauge theory was invented in order to be able to compute quan-
tities which couldn’t be analyzed with perturbation theory, it is useful to be able
to do perturbative (weak coupling) calculations for the discretized theory. Some
quantities should be accurately predicted by perturbation theory, and therefore
we can use perturbation theory results to test the Monte Carlo results. Also,
when feeding bare parameters into the Monte Carlo simulation, it is desirable
to know what renormalized values they correspond to before we run the simula-
tion. Perturbation theory helps us here because it gives an expansion in terms of
a(q?) and we know how a runs as we change the lattice spacing, so renormalized
values for the parameters at various lattice spacings can be computed without
running a costly simulation. Additionally, perturbation theory is important for
computing the coefficients of nonrenormalizable terms which are added to the

basic lattice action to correct for finite a errors [47].
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We define the Fourier transform on the lattice by:

fk)y =3 e ™" f(n) (284)

where the allowed values of k, are 2nN,/L, where L, is the length of the
lattice in the p direction, and N, is an integer in the range [0, L,). Note that
we could shift the momenta so that they lie in the range [—m,7) instead of
[0,27). This has the intuitive advantage of associating large |k| with large
physical momenta, and it is the proper representation to use when computing
the coupling a(k?) (it doesn’t matter which representation you use anywhere else
because of periodicity). Note that the sign in the exponent is the opposite of
what one would normally expect — this is because the metric is now the identity

matrix. The periodic delta function is
1 .
5n,m = 5n—m,0 = 15 Z ezk-(n—m) (285)
V5

where V' = Ly Ly L3L, is the lattice volume. Clearly,
1 ikn
fn) = 5 e f (k). (286)
k

6.2.1 Fermion Propagator

Now we compute the tree-level fermion propagator by finding the Fourier trans-
form of the inverse of the operator K given by equation (259) when there are
no interactions (i.e. when U, = 1). We start with
> Kasll, m)Kﬁ_Vl (m,n) = dpnday (287)
m B
where «, (3, and v are spinor indices. Substituting the Fourier transforms, we

have

1 . . - - 1 A
Tz 2o 22 2 €T T Ko (k) K (p) = 20ag 2 €T (288)
E p m 3 q
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If we substitute (285) into (259), we find
4

_ ‘1/ 3 otk (t=m) {(47~ + my) Z —isin(k - COS(I{?M)]} (289)

which allows us to read off K. Putting this into (288) and doing some algebra
(see Appendix C for gamma matrix relationships) gives the momentum space

fermion propagator

. 4r4+mg—1r).,Ccosp 032, YuSinp
G(p) = K '(p) = | y 5P SR (290)
[4r+m0—rzycospy] + 3, sin’p,

6.2.2 Gluon Propagator

To derive the gluon propagator, we start by fixing the gauge which is necessary
because weak coupling perturbation theory is an expansion about the vacuum
and the vacuum is degenerate if the gauge isn’t fixed. As in the continuum
case, we follow the Faddeev-Popov procedure. The Faddeev-Popov determinant
introduces ghosts which won’t be relevant to our calculation. The gauge fixing
delta function can be converted into an extra term in the action given by (see
[41])
1 L AA ’

Sar = o % [Zﬂj oA, (n)] : (291)
where 9 A,(n) = A,(n) — A,(n — p). For Landau gauge we set £ = 0, for
Feynman gauge £ = 1 and for Fried-Yennie gauge ¢ = 3. The rest of the action,
contained in expression (266), can be written as (dropping the constant part):

S = ST {U,,(n)} (292)

g()n,uu

Using (264), and Fp,, = ¥, TAFL with Tr {74} = 0 and Tr {TATP} = 6,4 5/2:

Z D Fu (293)

n W,V
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To find the propagator, we look at only the terms quadratic in A,,. Using (265)
we have

SG—FSGF—ZA;{ {8RAA ) 85142‘( )} +2§(9£Af}( )8514?(71)}4‘
(294)

To proceed, we will need to “integrate” by parts. The identities below will help:

> 07 f(n) Z fn (295)

n

>_10;f(n Z f(n (296)

n

and

ool = oyof. (297)

After working through the algebra and integration by parts, we get

Sg+ Sar = = ZZZAA VK22 (n,m) AT (m) + ... (298)
nm AB pv
where
1
K/, (n,m) = dap {—@W ST okoR + (1 —~ 5) afa}f} : (299)

Now we rewrite this in terms of periodic delta functions. For example, we use

Loy — Z ng = On-v3) (8jpm — Ojm) (300)

along with (285). We are interested in finding the propagator which is the inverse

of the Fourier transform of K27 (n,m), given by:

Z ZZKAB TL m uﬂl BC'(m,g) = 6A35u56n27 (301)

which, after some algebra and Fourier transforming, gives

S G [5,“,/;2 _ (1 _ 2) exp {;k (o — V)} kkﬂl K1 BC() = b4cb,5 (302)
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where
N k N o
k, = 2sin ?“ =Y k:i (303)
I
Solving for f(y_ﬂl B (k) we have
- i 1 ki, k
K3 BC(k) = dpcexp {2k: (v — ﬁ)} = l(S,,g +(&—-1) 1%2’6 : (304)

The exponential is just an annoying phase which will be canceled when the
propagator is joined to vertices. We can avoid having to carry the phase around

and cancel it by using the definition
: 1
Uu(n) = 1+igoAu(n+ p/2) — §g§Ai(n +p/2) + ... (305)

instead of (261). Then we have

A A

_ 1 k,k
Gup(k) = K3 " (k) — Opers |Ovs + (€= 1) l%f

(306)

6.2.3 gff Vertex

A vertex with a fermion interacting with a single gluon arises from the U,’s in

(258). Using (305) and keeping only terms linear in A, we have

S( = —*gozzzzw“ Ta { n+u,m(7a_7u)f45(”+:“/2)

nm agb

—On—pm(r + %)Aff(n — 1/2)} ¥ (m). (307)

Now we substitute

1 —ikn o 1 ipm, ]
:VZG B (k), z/}(m)_vipje ¥(p), (308)
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which gives us the Feynman rule:

Pu+ Ky (Pt Ry
T €OS ( 9 ) — s ( 92 ' The minus sign

(310)

comes from the minus in e .

6.2.4 ggff Vertex

A vertex with a fermion interacting with two gluons arises from the U,’s in
(258). Note that there is no such vertex in the continuum theory. It occurs here
because we had to introduce link variables to make the discretized theory gauge
invariant. Later in this dissertation, gauge invariance of the one-loop quark self
energy will be demonstrated, and it will be shown that this vertex is necessary
in that proof. Using (305) and keeping only terms quadratic in A,, we have

Sy = % ZZZZW fob{ (1 — V) AG (0 + p/2) A2 (n + p/2)

nm abf CD K
o+ A (0= 12 AP (n = /D) 0 om). (311)

Substituting in Fourier transforms as before

S = ———Zzzzw TGTHAS(OAR (K —p —0)

kpl abf CD p

{m sin (p“ er ul ) — 7 cos (W) } W (p), (312)

which gives us the Feynman rule:
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D,
2,
%
2
Cu o)
OG0T 9o jre oy f oo (Pt B P+ ks
kK a :E{T ;T Y 27y SN 5 cos 5
(313)
p
b

There are other vertices which we do not consider here because they will not
be needed for the quark self energy calculation. For a more complete treatment,
the reader is referred to [41]. The lattice Feynman rules are summarized in

Appendix D.
6.2.5 Running Coupling

For many years, the agreement between Monte Carlo results and lattice pertur-
bation theory was terrible. Once the lattice spacing is made small enough, we
expect that quantities which are ultraviolet divergent will be well approximated
by leading terms in the perturbation theory expansion. So, the disagreement
between Monte Carlo results and perturbative calculations sent the lattice com-
munity on a quest to make the lattice spacing smaller. When doing simulations,
the lattice must be bigger than the object you are simulating (such as a hadron)
so that the calculation isn’t sensitive to the boundary conditions. If the lattice
spacing is reduced while maintaining a certain minimum physical size for the
lattice, the number of points on the lattice must be increased which makes the
calculations very expensive.

In 1993, Lepage and Mackenzie [44] pointed out that the disagreement be-
tween Monte Carlo results and lattice perturbation theory was due to the fact

that lattice perturbation theory wasn’t being done in a sensible way. People
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had been doing the perturbative calculations by expanding in the bare coupling.
When doing continuum calculations, it is normal to express perturbative expan-
sions in terms of a renormalized running coupling rather than the bare coupling,
and this procedure works well. Lepage and Mackenzie pointed out that if a bad
choice of coupling constants is made, the coefficients in the perturbative expan-
sion become large giving poor convergence. They proposed using a renormalized
running coupling for lattice perturbation theory, and presented comparisons of
Monte Carlo results with perturbative calculations performed using the bare
coupling a,t, and running couplings ams(q) and ay (). Agreement between the
Monte Carlo calculations and perturbative results using running couplings was
good even at (3’s as low as 5.7 while the ay,; results disagreed significantly with
the Monte Carlo data even at higher 3’s (smaller a’s). They proposed using
a coupling which is defined in terms of a physical observable, the heavy quark

potential V' (gq):
Cf A Ay (Q>
2 q2

with no higher-order corrections. To do calculations, we must choose a scale,

Vig) = (314)

q*, such that ay(¢*) is a good expansion parameter. For a one-loop calculation

of a quantity in this scheme:

1=av(q") [ d'af(@) (315)

Lepage and Mackenzie observed that, although tempting, it is wrong to use

av(g) [ d'af(@) = [ d'gav(@)f(a) (316)

since the right hand side is singular due to the pole in the coupling constant
at ¢ = Ay that arises from doing an all orders summation of perturbative

logarithms. Their solution is to keep only the first two terms in the expansion:

ay(q) = av (w1 + Bon(¢?/p?)ay (p) + .. (317)
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where 1 is some fixed scale. Then the prescription for setting the scale becomes

avle) [d'af(@) = [ d'aav(l + A/ wdev(@lfl@)  (318)

which, after expanding ay (¢*) in terms of ay (u), gives

Jd'qIn(¢?)f(q)
Jdiqf(q) (319)

In(q*?) =



7 Extracting Coefficients from MC

Continuum perturbation theory rapidly becomes tedious as we push calcula-
tions to higher and higher orders in a. This is even more significant in lattice
perturbation theory since there are more vertices in the Feynman rules and the
propagators and vertices are more complicated. Additionally, the sums or inte-
grals over loop momenta are harder to evaluate because the integrands are more
complicated. The point of this part of the dissertation is to show that Monte
Carlo simulations can be used to extract the next term of a perturbation series.
For example, we can calculate some perturbative quantity, Q, at the one-loop
level, giving:

Q1P — ¢ + ey (). (320)
We then measure the same quantity in a Monte Carlo simulation:
QM = ¢ + crav(q") + 203 (q") + esaiy(q7) + . (321)
and we can estimate the two-loop coefficient:
¢y = [QY° = Q"] Jad(¢") + Olav(q")). (322)

We make the lattice spacing small so that ay (¢*) is small. On the other hand,
we cannot make the lattice spacing too small because the cyai (¢*) term that

we are trying to measure will be smaller than the statistical errors in QMC.

7.1 Why is This Useful?

At first glance, it may seem silly to worry about finding the next term in the
perturbative expansion when the Monte Carlo simulation gives us the the value
of @ without any approximation involving the coupling. There are (at least)

two reasons for wanting to know the perturbative coefficients. One is that the

84
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quantity @ may be hard to measure in a Monte Carlo simulation at the lattice
spacings where simulations are normally done. If we are able to measure it at
a much smaller lattice spacing and determine the perturbative coefficients, we
can run the coupling to any lattice spacing we want. For example, the mass
of a quark is expected to be perturbative since it is logarithmically divergent
in the continuum theory. So, in the lattice regulated theory, the largest loop
momenta (~ m/a), where the running coupling is small, give the dominant
contribution to the self energy. When a is small enough, we can measure the
mass in a simulation by looking at the propagator for large time separations.
If we tried to use this procedure for a moderate value of a we would run into
confinement problems. However, when these quarks are combined in a meson,
these confinement problems do not occur since the meson is a color singlet. So
we can accurately simulate mesons at moderate lattice spacings, but we cannot
directly measure the mass of the quarks that compose them. However, we can
measure the perturbative coefficients when a is very small and then run the
coupling to a more moderate value of a.

A second reason that the perturbative coefficients are useful is in the con-
struction of improved actions. To reduce finite a errors, terms are added to
the action. In a classical field theory the coefficients of these terms would be
constants. But, in a quantum field theory the couplings in the action are renor-
malized. So, the coefficients of the correction terms will be expansions in « such
that they cancel finite a errors to some order. The correction terms improve
the short distance behavior of the theory (i.e. they correct for the space-time
points between lattice sites which are missing), so their coefficients should be
perturbative. To calculate n correction coefficients, perturbation theory is used

to compute n physical quantities Q;, and the correction coefficients are deter-
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mined by requiring that up to some order in a the results match the continuum
theory [48]. Again, our method of extracting perturbative results from Monte
Carlo simulations proves valuable since it eliminates the need to go through the

many tedious calculations with standard perturbative techniques.

7.2 Why This Wasn’t Done Before

The procedure outlined above seems so simple that one might be surprised that
it wasn’t done before. But, recall that lattice perturbation theory results were in
gross disagreement with Monte Carlo calculations before Lepage and Mackenzie
pointed out that the perturbative calculations should be done with a renormal-
ized running coupling constant [44]. Also, as described in this dissertation, there

are surmountable difficulties with the procedure.

7.3 Wilson Quark Mass
7.3.1 Extracting Mass from MC Data

The standard way of extracting masses from Monte Carlo simulations is to look
at the propagator with the three-momentum set to zero and the energy Fourier

transformed. For a scalar particle in Euclidean space, this gives

™

— OO 7 1 —m

which suggests that we measure masses on the lattice using
meg = In [G(t)/G(t+1)], (324)

where the ratio is evaluated for some large value of ¢ to ensure that any excited
state contributions will be small. However, we cannot make ¢ too large (i.e. it
must be smaller than half of the length of the lattice in the time direction) since

the periodic boundary conditions cause the propagator on the lattice to not be
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exponential which becomes significant toward the middle of the lattice. When
using the procedure for fermions, we consider the propagation of a quark with a
particular spin and color (this gives us a single component of the matrix which
represents the full propagator). Since we are trying to extract a mass, the hope
is that the result from (324) is gauge invariant if we make t large enough. As

will be described later, there are some problems with this.
7.3.2 Computing Mass with Perturbation Theory

It is tempting to apply the above method to the calculation of masses in per-
turbation theory. This would be done by summing insertions of the one-loop
off-shell electron self-energy diagram to all orders (see for example section 9.3
of [49]) in order to get the self energy into the denominator of the propagator
where it could shift the pole (renormalize the mass). Then, this momentum
space propagator would be used to compute G(t), giving meg. This calcula-
tion involves a sum over the four components of the loop momentum, matrix
inversion, and another sum for the Fourier transform. While this procedure is
appealing since it closely parallels the technique used for the Monte Carlo sim-
ulation, it is not a good approach because it includes some (but not all) of the
higher loop result, and these higher order terms are not gauge invariant because
they do not include all diagrams which are relevant at that order. Also, because
of the presence of higher order terms, if we define the perturbative coefficient,
c1, using

1—loop

M = ¢ + crav(q), (325)

and we compute meg at two different 5’s and extract ¢; from each, we will find
that the ¢;’s are slightly different because the ¢; defined in this way is equal to

a constant plus higher order (gauge dependent) terms in a.
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Tree Level Mass Instead, we find the one-loop correction to the mass directly
from the on-shell self energy diagram. This gives a constant (3 independent)
result which is gauge invariant. To begin, we find the tree-level mass by locating
the pole of the tree-level propagator in Eq. (290). Looking at the denominator

of the propagator with p=0, py = E, and r = 1, we have
(14 mg — cos E)? +sin* E = 0, (326)

which is rearranged to give

1+ (mg+ 1)
cosE = —————. 327
Now we use
cos B = 1(eiE +e ) = E (:U + 1) (328)
2 2 x)’
where x = exp(iF). Substituting this into (327) and solving for x gives:
1 (1 1)? 1 1)2)°
i M:& 1+ (mo+1)? 4| (329)
2 (mo + 1) mo + 1

The upper sign gives © = 1 4+ mg and the lower sign gives x = 1/(1 + myg). So,
the poles are at

E = +iln(1+ mp). (330)

The fact that the poles are located at purely imaginary energies is due to our
Wick rotation described Sec. 6.1. Since we changed the time variable to tp = it,
but use an energy variable defined by the Fourier transform (284), our energy
variable has a factor of ¢ relative to the Minkowsky energy, i.e. Eg = 1E);. So,

the pole at £/ = iln(1 + my) tells us that the tree-level mass of a quark is

m™ = In(1 + my). (331)



89

56077
RSN S q
&% 5 2

)
/
\

P (A) P =)

Figure 21: Diagrams contributing the the 1-loop quark self energy.

1-Loop Self Energy Now we compute the 1-loop correction to the mass from
the truncated self energy diagrams shown in Fig. 21 using the Feynman rules
in Appendix D. Note that diagram B does not arise in the continuum theory,
but is present in the lattice theory to ensure gauge invariance. The self energy

is given by the sum of the two diagrams:

Y(p) = Xalp) + Za(p). (332)

The first diagram gives:

. 1
Bap) = (=igo)*3; 22 TV (0 = a/2)G(p = )TV (0 = 4/2)Gru(9),
a9 E b
(333)
where G(p — ¢) is the intermediate fermion propagator given by (290), G,.(q)

is the gluon propagator (306), and

VI (0) = 5, cos(l,) — irsin(l,) (334)

m

is from the vertex (310). We can do the sum over gluon colors:

Qo v~

1 1 1
Z(TETE)ca =3 Z{TE, TE}ac = 3 Z 75EE5(:(1 + ZdEEFTaFc - *5011
E 2 2% 13 F
(335)
where dggp is given in Eq. 11-23 of [50] (also given in the footnote on p. 201

of [41], but dy4s is wrong), and we have used Y.y dppr = 0. Putting this into
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(333), we have
Zalp) = =903 V%ZZV“ —¢/2)G(p— VM (p— ¢/2)Gu(q). (336)

For the second diagram, we have

Z]B(p) - ;QQOVZZ{TE TE}caV () (Q)

= 0ea Y VP Gu(q), (337)
0 3 ‘/' :E:: :%;: 102

where the 1/2 is a symmetry factor and
VO (p) = iy, sinp, —rcosp, (338)

from (313).
Now we must figure out how to extract the 1-loop correction to the mass

from the self energy. To do this, we look at the propagator with p’= 0 and the

tree

energy close to im' (i.e. close to the tree-level pole). First, we examine the

tree

tree-level propagator (290). In the neighborhood of E = im'™*® we write it as

N
_ finit
G) = e ODJOE|, e (339)

where N is the numerator of (290) and D is the denominator of (290). We

tree

have used “finite” to denote parts that remain finite as £ — im'™° which won’t

concern us. Evaluating this expression and throwing away the finite parts, we

get
—iZy,P*
Gp)~ ——F—— 340
(])) E — gmtree ( )
where P* is given by
1
Pt = 5(1 + V1) (341)

and Z, is a tree-level wavefunction renormalization (see [51]):

Zy = . (342)
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At the 1-loop level our propagator becomes:

1
G(p)+Gp)Z(p)G(p) = G(p)——=—— + O(d?
)+ D000 = Oy + O
~ —iZyP" . 4
t ¥ FE — jmftree + iZ¢EP+ (3 3)
When p= (67 ,L'mtree)

Y(p)=STPt+% P (344)
where P~ = (1 —74)/2 and £* and ¥~ are real numbers. This enables us to
write

1 1 1
= Pt+——— P . (345
E—imwe 1 iZ,5Pr  E —imve 4 iZ,5+ | E — imie (345)

Putting this into the 1-loop propagator (343) gives (in the neighborhood of the

quark pole):

—iZy P
. 346
E —imtree 97,5+ (346)
We read off the 1-loop mass from the location of the pole:
ml—loop — mtree o Z¢E+- (347)

tree rather than at the renor-

Note that we have evaluated the self energy at m
malized mass. This was done to ensure that our result was truly O(«a) and did

not include any higher order contributions.
7.3.3 Proof of Gauge Invariance

If our calculations are to have any meaning at all, m'~1°°? must be gauge in-
variant — otherwise we can get any value we want for m!'~'°°? by choosing an
appropriate value of the gauge parameter £. While the proof is simple for the
continuum theory, it can be quite messy for the lattice theory if it is not or-
ganized correctly. Bodwin and Kovacs found an elegant way of handling Ward

identities on the lattice which involves re-writing the vertices in terms of the
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inverse of the fermion propagator [53]. We will use their technique here. To
prove gauge invariance, it is sufficient to show that the ¢,¢, part of the gluon
propagator (306) gives zero contribution to the fermion self energy when the
fermion is on shell. This is sufficient because it shows that we get the same

mass regardless of the value of the gauge parameter ¢&. We define

Xa=-— ZV —q/2)G(p — )V (p — ¢/2)d,uds (348)

and
1 .
Xp =5 3 VP (0)dudu (349)
I

To demonstrate gauge invariance, we must show that (see (336) and (337))

> a(p)[Xalg) + Xp(9)]u(p) = 0. (350)

q

Following [53], we define (note that our +’s are different by a factor of 7)

V,.(p) = 2sin*(p,/2) + iv, sinp, (351)

and notice that

Viulp) = Viulp = 9) = qui{inn cos(pu = qu/2) + sin(py — 4u/2)} (352)

and

Vu(p + 0+ €2> - V#(p + él) - Vu(p + 62) + Vu(p) =

- k k
Crlay {—m sin (“‘2“) + cos (“‘5“) } (353)

where k = p + {1 + {5. We can relate V,(p) to the fermion propagator:

Go) =~ 21 S (354)

Combining (352), (354) and (334) gives

Z VI (p—q/2)4, =i[G(p—q) — G (p)] (355)
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and (353), (354) and (338) gives (with ¢{; = ¢ and ¢, = —q)

S VP (P)iud. =267 (p) -G p+q) — G (p—0). (356)

Putting these relations into (348) and (349) gives

Xa= |G p-0) -GG —a) |G —9a) -G D) (357)
and
Xp = ; 2G7p) -G p+a9) -G p—q)]. (358)

To show that gauge invariance is satisfied (350), we need to evaluate X4 and

Xp between on-shell spinors. The Dirac equation is
G~ (p)u(p) = 0. (359)

Using this, we see that u(p) X au(p) = u(p)Xpu(p) =0 for ¢ = 0. For ¢ # 0

u(p) X au(p) = u(p)G~" (p — q)u(p) (360)
and
1) Xpulp) = —50(0) [¢7 0+ 0) + G0~ @] ulp) (361
so we have
u(p) [Xalq) + Xp(q) + Xa(—q) + Xp(—q)]u(p) =0 (362)

and (350) is satisfied. A similar proof can be done for the continuum theory. For
the continuum case G~ (p—q) = G~ (p)—¢, so u(p) [Xa(q) + Xa(—q)] u(p) = 0.
For the lattice case, G™'(p — ¢) is not linear in ¢ so diagram A is not indepen-
dently gauge invariant and the self energy is not gauge invariant without the
contribution from diagram B. In our proof, we made no assumptions about the
denominator of the gluon propagator except that it was even in g, so we find
that the on-shell self energy is gauge invariant regardless of whether or not the

gluon has a mass.
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7.4 Difficulties and Subtleties
7.4.1 Tunneling

Several difficulties arise when using Monte Carlo simulations to determine the
perturbative coefficients for the quark mass renormalization. The first prob-
lem, which affects the extraction of all perturbative coefficients (not just mass
renormalizations) is tunneling. Examination of the gluon action (266) and the
definition of the plaquette (262) reveals that there is an extra symmetry in the
theory (when there are no quarks). It is referred to as the “center symmetry”
because it involves elements of the center of SU(3) (i.e. those elements that com-
mute with all elements of SU(3)), Z(3). These elements are 1,e>™/3 and e*™/3,

The gluon action is invariant under
Uu,(n) — 2zU,(n) for a particular € {1,2,3,4} and z € Z(3), (363)

where the transformation is performed on all link variables in the p plane. For
example, if we choose p = 4, the transformation is performed on links Uy(n)
where n = (nq,ns, ng,ng) for all ny, ng, n3, and a particular value of ny. Note
that this is not a gauge transformation (see Eq. (251)). For all plaquettes in
the action which are affected by the transformation, there is a factor of z and
2T, Since the z’s commute with the U,’s (i.e. they commute with elements of
SU(3)), the z and 2T can be brought together to give 1, leaving the gluon action
(but not the fermion action) unchanged by the center transformation.

This extra symmetry causes the minimum of the gluon action to be de-
generate. Perturbation theory is an expansion about a single minimum, so we
expect to have problems if the system tunnels between the various minima. Ad-
ditionally, the quark action is not invariant under the center symmetry, so the
propagator will be affected by the tunneling. The Polyakov Loop (also called the

Wilson line) allows us to detect tunneling between the degenerate ground states.
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Polyakov Loop Along T-Direction, Beta=60, 4"3x8
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Figure 22: Average value of Polyakov Loop along the time direction showing
tunneling. 795 configurations of a 43 x 8 lattice at 8 = 60 (dataset tp6) are
shown.

A Polyakov Loop is simply the trace of the product of the link variables along a
single direction from one end of the lattice to the other. Because of the periodic
boundary conditions, the Polyakov Loop is a closed loop and therefore is gauge
invariant. But, it only cuts through a plane which is perpendicular to it once
(unlike a plaquette which goes through the plane twice — once in each direction).

So a center symmetry transformation causes a Polyakov loop perpendicular to

the plane to change in value by a factor of €>™/3 or ¢*™/3. Polyakov loops are
commonly used to study deconfinement transitions in finite temperature field
theory — see sections 18.3 and 19.1 of [41].

We detect tunneling by watching the average value of the Polyakov Loop
along each direction to see when it changes significantly. An example is shown
in Fig. 22. At the beginning of the simulation shown, the expectation value of

the Polyakov Loop is a positive real number as shown in Fig. 23. After about
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Figure 23: Average value of Polyakov Loop along the time direction as a function
of configuration number for a 43 x 8 lattice at 3 = 60 (dataset tp6).

300 configurations, the system begins to tunnel toward the minimum located

at e*™/3 times the original minimum. After a total of 580 configurations it has

27i/3 times the original minimum. We think

tunneled to the minimum located at e
that domains are being formed during the tunneling process which causes the
“continuous” transition from one minimum to another. Within each domain, the
plaquettes should be close to the perturbation theory values, and perturbation
theory should work. In the regions between domains perturbation theory is
not expected to accurately describe the system. Since the quark propagator is
not invariant under the center symmetry transformation, it will have different
values in different domains, so the tunneling presents a major problem to the
measurement of quark propagators. Quantities which are invariant under the

center symmetry, such as Wilson loops, have less of a problem (as long as they

are small) since they have the same value in different domains, and are thus
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Comparison of Tunneling vs. Non-Tunneling Configs
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Figure 24: Comparison of meg for tunneling and non-tunneling configurations
in Axial-Coulomb gauge on a 243 x 32 lattice at 8 = 16 for Wilson quarks
with £ = 0.100 (dataset HQ14). Errorbars were computed with the bootstrap
method.

only affected by the regions between domains. In Fig. 24 we show plots of
meg as computed from (324) for an equal number of configurations with and
without tunneling. The configurations which were in the process of tunneling
show significantly more noise.

To cope with the problem of tunneling, we stopped the calculation when
there were signs of tunneling and then started the calculation over with a new
seed for the gauge field generator. Using this method, we were able to generate
enough configurations without including configurations which had tunneling.
Another possible approach would be to add a small term to the gluon action
which would break the center symmetry (like applying a small magnetic field to
a material) and extrapolating it away.

One might think that problems could be avoided by examining meson prop-
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Antiquark

Figure 25: Some link variable paths contributing to a meson propagator.

agators in the Monte Carlo simulation instead of quark propagators. Such an
idea is inspired by the fact that gauge invariant meson propagators can be con-
structed. To understand this better, we look back at the quark propagator after
performing the path integral (274). The quark propagator can be interpreted
as follows (see the appendix to chapter 14 in [40] for details). The K—1(U, x,y)
part can be written as a sum over all paths connecting x and y that involve a
product of link operators along the path. The det {K(U)} part can be written
as a sum over closed loops which involves a product of link operators around
the loop (our simulation used the quenched approximation, so these loops were
dropped). So, if we construct a meson operator with two quark fields connected
by link variables to make it gauge invariant (see for example section 7.2 of [41]),
the meson propagator can be seen to be related to a sum over closed loops of
products of link variables around the loop — see Fig. 25. But, a product of link
variables around a closed loop is gauge invariant. Tunneling will give an extra

27i/3

factor of e or e*™/3 to the quark propagator if the paths connecting the two

ends of the propagator pass through the plane which has tunneled. So one might
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hope that a meson wouldn’t have problems since the antiquark would pick up
the complex conjugate factor. But, if domains are formed some of the paths for
the quark propagator will pass through a particular domain and some will not,
so the phases will not cancel even for a meson. Thus mesons don’t solve the

tunneling problem.
7.4.2 Choosing a Gauge — Infrared Problems

Since the quark’s mass is a physical quantity, it should be gauge invariant and
one would naively think that we could perform the Monte Carlo simulation
with any gauge. However, our method of extracting the mass won’t work with
some gauges because of infrared problems. For example, consider the result of a
continuum Feynman gauge calculation of the electron self energy (in Minkowsky
space) given in Eq. 8.42 of [54]. The infrared singularity gives rise to a term
proportional to In((m?—p?)/m?). When infrared singularities are summed to all
orders, the result is the 1-loop singularity exponentiated (see for example [55]).

So, the propagator is really of the form

p+m

p_

1

p— (364)

- exp{aln((m —p?)/m? )}cx (

where a is a (gauge dependent) constant. We see that a gauge with infrared
problems will have a branch cut in the propagator rather than a simple pole.
Because of this, our procedure for extracting meg using (324) won’t work in

gauges that have infrared singularities. To see this, we consider instead of equa-

tion (323):
[ B cos Et)
= | dpe e =B Bt ot (365)
This integral can be done, giving
2021 [m\3
Ga(t) = T —a) (t) Ki_,(mt), (366)
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where K, (z) is the modified Bessel Function of the second kind. For fixed v and

large z (see Eq. 9.7.2 of [56]),

T 4?2 — 1
K, (2) ~ /—e 7?41 g
(2) ~y/5 e { gt } (367)

This gives us

200 met 43 —a)? -1
Ga(t) Nm ta e {1++ (368)

Notice that for a # 0, meg will depend on ¢ and a, which shows that we shouldn’t
expect meg to be a useful (gauge independent) quantity for gauges with infrared

singularities. For a = 0, we get the expected result

Go(t) = —e™. (369)

Infrared problems make Landau and Axial gauges useless for extracting
masses from quark propagators. Coulomb gauge has desirable infrared prop-
erties, but as described in Sec. 6.1, Coulomb gauge fixing doesn’t completely
fix the gauge. Our solution to this problem was to first do Axial gauge fix-
ing, and then do Coulomb gauge fixing on the result. We refer to the resulting
gauge as Axial-Coulomb gauge. In Fig. 26 we compare Monte Carlo results to
perturbation theory at = 60. At this lattice spacing, a ~ 0.008, so 1-loop
perturbation theory and Monte Carlo should be in excellent agreement. We
find that Axial-Coulomb gauge works well while Landau and Axial gauges fail
terribly. The slope of the meg curve for Landau gauge depends on the volume
of the lattice. Generally, as the volume is increased the slope decreases, but
beyond a volume of 20® x 32 the slope seems to stop changing. In Fig. 27 we
do a similar comparison for NRQCD quarks. Again, Axial-Coulomb gauge is
the only acceptable gauge. Note that for NRQCD quarks the tree-level result

is just zero. Axial-Coulomb gauge is free of infrared problems as long as the
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Wilson Quarks, beta=60, 20"3x32, kappa=.100
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Figure 26: Comparison of mes Monte Carlo calculation in various gauges to
perturbation theory results for a Wilson quark.
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Figure 27: Comparison of mes Monte Carlo calculation in various gauges to
perturbation theory results for a NRQCD quark.
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three momentum of the quark is zero since the divergence in Coulomb gauge is

multiplied by p?. When p'# 0 it has problems similar to Landau gauge.
7.4.3 Zero Mode

Problems arise in the lattice perturbation theory calculation as well. Examining
the gluon propagator (306), we see that it is infinite when the gluon momentum
is zero. This is problematic because for a finite lattice the self energy calculation
involves a sum over gluon momenta. The sum can be replaced by an integral if
we take the lattice volume to infinity while keeping the lattice spacing fixed. This
introduces a systematic error since the Monte Carlo calculation is done on a finite
lattice. The complexity of the integrand forces us to evaluate it numerically, so
again the gluon propagator gives problems at zero momentum. This can be
overcome by giving the gluon a non-zero mass and then extrapolating to zero
gluon mass. The gluon is given a mass by modifying its propagator by replacing
the overall factor of 1/¢* with 1/(¢*+ A?) and replacing the (£ —1)g,q,/¢* term
with (€—1)4,q,/(G*+&N?) (see Eq. 3-149 of [50]). Morningstar gives a procedure
in [57] which improves the convergence to the infinite volume limit. The integral
is written as a sum just as it would be for a finite volume calculation. But,
this sum is pictured as a trapezoid rule approximation to the integral (keeping
in mind the periodicity of the integrand so the endpoint terms that would be
multiplied by 1/2 can be replaced by a single term with no 1/2). A change of
variables that maintains the periodicity of the integrand is performed to improve

the convergence of the sum to the value of the integral:

/

4, = qu — asin(g,) (370)
where optimal convergence is obtained by using the a which satisfies

a = sech(u) where A = u — tanh(u) (371)
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and A is the gluon mass. This brings in a Jacobian factor: [,(1 — acosgy).
Adding a gluon mass isn’t enough to tame the numerical problems for the dia-
gram in figure 21A since the intermediate fermion propagator is on shell when
the gluon momentum is zero. To avoid this problem, the contour for the g4 in-
tegration is deformed for this diagram. Instead of going along the real line from
—m to m, it goes along the three line segments: —m — —7w+i\/2 — 7+i)\/2 — 7.
The periodicity of the integrand causes the contributions from the the two seg-
ments parallel to the imaginary axis to cancel. Note that the original sum was
exactly gauge invariant because gauge dependent terms with momentum ¢ can-
celed against those with momentum —g as shown in Sec. 7.3. Now that our g4
sum is from —m + ¢A/2 to m + ¢A/2 we no longer have this exact cancellation
and our result will only be gauge invariant to the extent that the sum correctly
approximates the contour integral that it replaces. We tested this and found
that there is no sign of gauge dependence as long as a reasonable number of
terms are included in the sum.

The calculation of the scale for the coupling, ¢*, has problems because of the

logarithm in (319). We can use the gluon mass to regulate the logarithm:
In(q?) — In(¢* + A?). (372)

But this is not periodic in ¢4, so the contour deformation that we did for the
diagram in figure 21A isn’t correct unless we keep the contributions from the
segments parallel to the imaginary axis. An alternative proposed in [58] is to
replace ¢7 with a [2/2] Padé approximant in exp(—iq) to make the integrand
periodic in ¢4 so that the contribution from the segments of the contour parallel
to the imaginary axis will cancel. We dropped the segments parallel to the
imaginary axis without making this substitution and later verified that this did

not affect our results within the accuracy we required after the extrapolation
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A — 0 (results with A # 0 were affected and were not gauge invariant — using
the Padé approximant is a much better approach). Another way to maintain
periodicity of the integrand is to use In(¢? + A\?).

The zero mode also obscures the analysis of the Monte Carlo data. We run
the Monte Carlo calculations with large 3 to give a small lattice spacing a. The
smallest non-zero momentum on the lattice is 27/La where L is the number of
lattice sites along the longest side of the lattice. By making a small we make the
smallest non-zero momentum large which removes non-perturbative low energy
effects. However, there are zero momentum gluons on the lattice. The mass
is UV divergent, so we expect the high momentum modes to dominate in the
calculation, but we must keep in mind that the coupling grows as the gluon
momentum goes to zero. The zero mode is especially problematic for gauges
that have infrared problems since quantities computed in such gauges are very

sensitive to the low energy gluons.

7.5 Results
7.5.1 Perturbation Theory

Wilson Fermions The perturbation theory calculations were performed for
several values of the tree-level mass. For each calculation the gluon masses used
were: (.10, 0.20, 0.30, 0.35, 0.40, 0.45, 0.50, 0.55, 0.60, 0.65, 0.70, and 0.80.
Rational function extrapolation was used to find the A — 0 results. The sums
used to approximate the integrals contained 28* points. The calculation was
attempted for £ = 0.125 (i.e. m™®® = 0) but could not be extrapolated to A\ — 0
because the results (even ¢;) were not monotonic in A. So we obtained results for

k = 0.125 by performing an extrapolation in the tree-level mass. We calculate
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Table 2: Infinite volume perturbation theory results for Wilson quark mass. The
uncertainty in ¢* and ¢; is due to the extrapolation to zero gluon mass. Values
with an asterisk next to them (ie. k = .125 values) were obtained by extrapo-
lating the other values — the second uncertainty is the estimated extrapolation
error.

K ¢ [av(@).B=16av(d),0=20] o

0.067 | 1.99(1) 0.03607(1) 0.027652(7) | 1.49575 | 2.82(1)
0.087 | 2.11(1) 0.03594(1) 0.027573(7) | 1.01056 |  3.32(1)
0.100 |  2.20(1) 0.03584(1) 0.027518(7) | 0.69315 | 3.83(1)
0.108 | 2.28(5) 0.03575(5) 0.02747(3) | 0.48835 | 4.25(1)
0.115 | 2.31(1) 0.03573(1) 0.027450(7) | 0.29849 | 4.71(1)
0.118 | 2.34(1) 0.03569(1) 0.027431(7) | 0.21292 |  4.94(1)
0.125 | 2.42(1)(2)* |  0.03562(3) 0.02739(2) | 0.00000 | 5.52(1)(1)*

the parameters in:
m = co + cray(¢*) + e () + ... (373)

We get ¢q from the tree-level mass (331), ¢; from the 1-loop result (347), and ¢*
from (319). The results are shown in Table 2.

We calculate oy from Eq. 8 in [44]:

oyt (q) = BoIn(q?/A3) + B1/Bo InIn(¢?/A3) + O(ay) (374)

where 3y = 11/471 and 3; = 102/167* (for zero quark flavors). We determine
Ay for each lattice spacing (each value of () by using the known relationship
between the logarithm of the plaquette and ay. This relationship is given by
Eq. 20 in [44]:

I <;Tr {Uplaq}> _ 4;@‘/(3.41) (1= (1194 0.017n )ay + O(a3)}, (375)

where the number of quarks, ny, is zero in our case. We measure the plaquette
during the simulation and then solve this equation for ay (3.41). This value is
used in (374) to solve for Ay with an iterative procedure. Results are shown in

Table 3.
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Table 3: Measured values of the 1 x 1 Wilson loop Wi, = <%Tr{Up1aq}> and
corresponding values of Ay for various [3’s.

g Wiy aly

7 10.6715 0.045

9 | 0.7564 0.0041
12 | 0.8225 0.00012
16 | 0.8694 | 1.1 x 1076
20 | 0.8966 | 9.8 x 107°
60 | 0.9663 | 2.9 x 10=%

NRQCD Fermions Nonrelativistic QCD (NRQCD) is an effective field the-
ory which approximates full QCD by a systematic expansion in powers of the
velocity of the quarks. NRQCD can be more efficient than the full theory and
has been successfully used in lattice simulations of the ¢ and Y families of
mesons. The reader is referred to [51] and [59] for more details. In NRQCD the

energy of a quark is given by:

n2

B = clav(qh) + o (gh) + - + 57 + O() (376)
where
M = My |1+ cPav(qh) + cFad (qp) + ... (377)

The perturbation theory values for cy4, ¢%, cp, and ¢ were computed by Morn-

ingstar [60] and are given in Table 4.
7.5.2 Monte Carlo

Wilson Fermions We used the Monte Carlo measurements of meg in two
ways. The first was to extract ¢; and ¢* and test to see if they agreed with the
known perturbation theory results. This was done by measuring meg at two

different lattice spacings and using

meg(B3 =16) = co+ crap (g, B = 16) + O(a?)



107

Table 4: Infinite volume perturbation theory results for NRQCD quark energy.
Values were computed with tadpole improvement and §H = 0.

My[n]| of A cr a5 | ov(ga), B =16 | av(qy), 8 =20
8.0 [ 1]1.0019[0.77 [ 0.0319 | 0.02 0.03845 0.02902

6.0 | 1| .9791 | 0.74 | 0.0990 | 0.34 0.03856 0.02908

50| 1] .9609 | 0.72 | 0.1514 | 0.54 0.03863 0.02912

4.0 | 1| .9337 | 0.69 | 0.2278 | 0.73 0.03874 0.02918

1.8 | 2| .7669 | 0.45 | 0.6385 | 1.02 0.03994 0.02985

0.8 | 4 | .3880 | 0.03 | 1.2155 | 1.00 0.04969 0.03492

0.6 | 4 | .1606 | 0.00 | 1.4702 | 0.99 ? ?

meg(B3 =20) = co+ crav (g, B =20) + O(a?). (378)

We neglect the O(a?) terms and solve for the ratio ay (¢*, 3 = 16)/ay(¢*, 3 =
20) in terms of the measured values of megs and the known value of ¢5. We
then employ a combination of the Newton-Raphson and bisection methods (see
the rtsafe() function in [61]) to solve for ¢* using (374) and the known values
of Ay from Table 3. Once we know ¢* we compute ¢; from (378). In order to
account for the uncertainty in meg, dmeg, we generated samples from a gaussian
distribution with mean m.gs and standard deviation dmeg at each (5 and used
the samples to generate distributions for the values of ¢; and ¢* by using the
procedure above to compute ¢; and ¢* for each sample. The distribution of ¢;
was fairly symmetric as shown in Fig. 28 but that of ¢* was highly skewed as
shown in Fig. 29.

In Table 5 we show intervals for the values of ¢; and ¢* at the 68% and 90%
confidence level. These values should be compared to the perturbation theory
calculations in Table 2. We see that values for ¢; are fairly precisely determined
but values for ¢* are not. The values for ¢; computed by Monte Carlo are slightly
too small for small values of x, but the agreement with perturbation theory is

good for larger values of x (small mass). For ¢* the Monte Carlo values are too
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Figure 28: Example of ¢; distribution for x = 0.100. 10,000 samples total.
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Figure 29: Example of ¢* distribution for x = 0.100. 10,000 samples total
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Table 5: Values for ¢; and ¢* for Wilson quarks at 68% and 90% confidence levels
from Monte Carlo measurements at 5 = 16 (239 configurations) and § = 20 (234
configurations) on a 243 x 32 lattice.

K

C1 (68%)

C1 (90%)

q* (68%)

g (90%)

0.067
0.087
0.100
0.108
0.115
0.118

2.59-2.74
3.10-3.26
3.62-3.78
4.06-4.23
4.57-4.74
4.85-5.02

2.54-2.80
3.05-3.32
3.57-3.84
4.01-4.29
4.52-4.80
4.79-5.08

0.95-2.30
1.42-3.08
1.88-3.77
2.40-4.56
3.13-5.69
3.63-6.48

0.72-3.15
1.11-4.05
1.51-4.80
1.95-5.70
2.59-6.99
3.02-7.91




109

Table 6: Monte Carlo results for 2-loop Wilson quark mass at § = 16 (239
configurations) and 3 = 20 (234 configurations) on a 24% x 32 lattice. The
uncertainties in ¢y are from the uncertainty in mM¢, ¢;, and the O(a?) term.
Values with an asterisk next to them (i.e. k = .125 values) were obtained by
extrapolating the other values (excluding x = .118) — the second uncertainty is
the estimated extrapolation error.

k| mMC B=16] ¢, =16 | mMC, 3=20] ¢y, =20
0.067 | 1.5938(2) -2.9(7) 1.5705(5) -4.241.2
0.087 | 1.1250(2) -3.8(7) 1.0984(5) -5.04+1.2
0.100 | 0.8241(2) -4.8(7) 0.7940(5) -5.941.2
0.108 | 0.6331(2) -5.6(7) 0.6002(5) -6.44+1.2
0.115 |  0.4588(2) -6.3(7) 0.4227(5) -6.841.2
0.118 | 0.3811(2) -6.4(7) 0.3436(5) -6.54+1.2
0.125 | 0.1914(3) | -7.7(7)()* | 0.1503(5) | -7.041.2+.6*

large for large x and are in reasonable agreement with perturbation theory for
small k. Note that we have neglected a? contribution in (378) which we expect
to cause an error of order 5-10% in ¢; (since o &~ .03). With this in mind, the
agreement between Monte Carlo and perturbation theory values of ¢; is very
good.

In our second analysis of the Monte Carlo data we assume c¢; and ¢* are
known from perturbation theory and we use the Monte Carlo data to compute
the 2-loop coefficient, co, using (322). We do this for both values of § and
compare the results for consistency. The results are shown in Table 6. The

agreement, between the values of ¢, measured at different §’s is reasonable.

NRQCD Fermions We perform the same analysis for NRQCD fermions with
zero momentum. The values of ¢ and g% are shown in Table 7. Again, ¢* is
not very well determined. The uncertainty in c{ is larger (as a percentage)

than the uncertainty in ¢; for Wilson quarks, but the absolute uncertainties are

about the same. When sampling values for meg to compute the distribution of
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Table 7: Values for ¢ and ¢% for NRQCD quarks at 68% and 90% confidence
levels from Monte Carlo measurements at § = 16 (239 configurations) and
3 =20 (234 configurations) on a 243 x 32 lattice.

My [ n| ¢t (68%) | cf (90%) | ¢4 (68%) | ¢4 (90%)
8.0 [ 1]0.766-0.995 | 0.705-1.078 | 0.03-1.02 | 0.01-3.46
6.0 | 1]0.748-0.975 | 0.688-1.058 | 0.03-0.99 | 0.01-3.44
5.0 | 1]0.734-0.960 | 0.674-1.042 | 0.03-0.97 | 0.01-3.36
4.0 | 1]0.713-0.937 | 0.653-1.018 | 0.03-0.93 | 0.01-3.35
1.8 | 2 0.581-0.793 | 0.527-0.872 | 0.02-0.72 | 0.006-3.00
0.8 | 4| 0.294-0.464 | 0.255-0.532 | 0.002-0.27 | 0.0007-1.91
0.6 | 4 | 0.150-0.274 | 0.134-0.329 | 0.0004-0.09 | 0.0002-1.11

Table 8: Monte Carlo results for 2-loop NRQCD quarks at 3 = 16 (239 configu-
rations) and 3 = 20 (234 configurations) on a 24° x 32 lattice. The uncertainties

in ¢5t are due to uncertainties in mM© and the O(a?) term. No values are given
for ¢4 when My = 0.6 because the ¢% is not known.

My |n|mMC . 3=16|c, =16 | mM° 3=20|c5,3 =20

80| 1| 0.0376(2) -0.65+.2 | 0.0275+.001 | -1.81£1.2

6.0 | 1| 0.0370(2) -0.57+.2 | 0.0270£.001 | -1.70£1.2

5.0 | 1| 0.0364(2) -0.50+.2 | 0.0266+.001 | -1.60£1.2

4.0 | 1] 0.0356(2) -0.40+.2 | 0.0260£.001 | -1.46£1.2

1.8 12| 0.0307(2) 0.02+£.2 | 0.02224+.001 | -0.79£1.2

0.8 4| 0.0193(2) | -0.004+.2 | 0.01344+.001 | -0.13£1.2

0.6 | 4| 0.0124(2) ? 0.0081£.001 ?

et and ¢ about 3-10% of the samples had to be discarded because values of

¢t and ¢* could not be found that would generate the appropriate m.g’s. This

could cause some systematic error in the results. This was not a problem for the

Wilson quarks. Comparison with the results from perturbation theory in Table

4 shows good agreement (recall that O(a?) terms should introduce a systematic

error of about 5% for cf!). It is interesting to note that the Monte Carlo data

confirms the perturbation theory prediction that ¢% is very small when M, is

small. This leads us to the conclusion that the perturbative results cannot be
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used on a lattice with realistic lattice spacing for quarks with small M, since
the renormalization is not dominated by high momenta.

Extraction of the 2-loop coefficient, ¢y, from the Monte Carlo data is shown
in Table 8. The agreement between the values of ¢ extracted from 3 = 16 and

£ = 20 data is reasonable.

7.6 Conclusions

We find that we are able to succesfully extract the 1-loop coefficient and ¢* for
the quark mass renormalization from Monte Carlo data given only the tree level
result for both Wilson quarks and NRQCD quarks. We also find that by using
the lattice perturbation theory results for the 1-loop coefficient and ¢* we are
able to extract the 2-loop coefficient from the Monte Carlodata with consistent
results. This technique is important because the coefficients in the perturbative

expansion are difficult to compute using Feynman rules.



A Kinematics in Various Frames

In this appendix we present some of the properties of various four-momenta in
the three coordinate systems mentioned in Sec. 5 (the B-, M-, and L-frames).
Many of the results can be found in the literature [25, 28, 29].

In the center of mass system of D(D*)r (the M-frame), we have

—

p = 1Pl = |7]
1
= 5\/SMﬁa (379)

L= |L| = , 380
| L | Nor (380)
where
X = \/(P-L)?— sysi, (381)
and
1 2
8= —\/s%w — 25y (M2 +m2) + (m?2 —m2)” . (382)

SM
In the M-frame, the components of the four-vectors P* and L* as well as the
linear polarization vectors ef, 3 are given in Table 9. The values of | | and
P - L are given by (379) and (142), respectively. The three linear polarization
vectors of D* in the M-frame as indicated in Fig. 5 are denoted by ef, e, and
es. Their components in the M-frame are listed in Table 9.
At times it is useful to know the Lorentz transformations that connect the

different reference frames. A simple calculation gives the parameters

X
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Table 9: Components of various four-vectors in the center-of-mass frame of
D(D*)m (the M-Frame).

at a® a¥ a? a’
p*  psind 0 pcosf 2\/1W(SM —m2 +m?)
1
0 0 -L LP.L
e cos® 0 —sinf 0
A0 10 0
el % sinf 0 % cos 6 2
X
- 384
e = 5o, (384)

If aff and afy; are components of the same four-vector in the L-frame and the

M-frame, respectively, they are related by the Lorentz transformations

a; =z (@i + Burzaly) (385)

af, =y (ads + Puray) (386)

Similar equations hold using Syp to relate aly and a)y;, the components of a
vector in the B and M frames.
From Q" and P* we can construct another four-momentum which is orthog-

onal to P*:

Q,=Q,———"P, (387)

with (see (140))

Q -P=0 . (388)
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Table 10: Components of various four-vectors in the rest frame of the lepton

pair (the L-Frame).

at a® a¥ a? a®

¥ 0 0 0 N

P 0 0 X/\/51 P-L/\5
Q" /Sy 3siné 0 P-LBcosl/\/s; XPcosb/\/s1
Py %\/Esinl%cosgb —%w/sLsiné’gSingb —%\/SLCOSQg % ST,

Now, we are ready to list the components of various four-vectors in different

frames of reference. In the L-frame, the components of various four-vectors are

listed in Table 10.

The components of Pg and p, can be found from the quantities given above

in the Tables. Furthermore, with the help of a Lorentz transformation we can

determine the components of all the four-vectors in another coordinate system.



B Relating Rates to D" Width

In this appendix we derive a linear relation between the semileptonic decay
rates with a soft pion emission and the inverse of the D* width. In what follows,
the D*Dm coupling constant f which appears in the pion emission vertices is
held fixed, while the width I'p« is considered to be a free parameter in the D*
propagator.

We emphasize that our numerical work does not make the approximation
presented below. The purpose of this appendix is to understand the regularities
exhibited in the numerical results of Figs. 9-12.

Consider the Feynman diagram with the D* pole contributing to B — Dm{i

(Fig. 3b). The matrix element can be written as

1

M(B — Dmtv) =Y M[D*(A) — D] o e

A

M[B — D*(\)f7],

(389)
where A denotes the polarization of D*, and P and m are the 4-momentum and

mass of D*, respectively. For example,

M[D*(\) — D] = u*(D*)~rou(D)\/mpm J{; e\ - g, (390)

where ¢ is the pion momentum. The decay rate for B — D7/ due to the D*

pole is

_ 1 1 _
T poie(B — Do) = 5o / dsy|M[B — D*(\)ew][2(2r)"
A
d3py d3p, P

(27)32E, (27)32E, (27)32Ep
/ IM[D*()\) — D]|?
d3p d3q
(2m)32E, (2m)32E,

x 6"(Pgp—pi—p,—P)
1
(spr — m?)% + m?2T%,.

x  (2m)*6*' (P —q—p)

(391)
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This equation follows from inserting the factor

&P -
1—/dsM 55,0 (P—a=1). Ep=yPtsu, (392)

and the observation that one of the double sums over D* polarizations after
squaring (389) is eliminated when we carry out the integration over the directions

of ¢. Making use of the standard formula for a decay width, we find

V3 D(B — D*lw, s3)T(D* — D, sp)
/dSM .

F*OeB Dﬁ
D+ poie(B = DlP) (spr — m?2)2 + m2T32,.

(393)
To obtain (393), we have used the fact that the width of the decay D* — D is
independent of the D* polarization. The argument s,; appears in the numerator
of the integrand of (393) because the widths are those appropriate for D* with

a mass /Su.

Let us introduce the new variables

sy = m? + xml p-, (394)
F(sy) = /su T'(B — D*{w,53,)T(D* — D, sp). (395)
(393) now becomes
_ . 1 1 1 ,
o pote(B — Drli) = / dv—5- Flm® + amlp.]. (396)

When the width I'p« is small, the integrand can be expanded in a Taylor series.

The leading term is

— F(m?) 1 1
FD* pole(B — Dﬂglj) = Tn(FD*) ; /daij T 1 =+ (397)
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If the range of sj; is not restricted, after the z-integration we obtain

I'(D* — Dr)

FD* pole(B i Dﬂ-gﬂ) = .F(B — D*élj) T + -
D*

(398)

where (395) has been used. This is a well-known result in the theory of reso-

nances. In practice, experimental cuts are imposed on the range of s,;. Suppose

the cut is
|V/Sm —m| < NTp-, (399)
which corresponds to
I'p- p-
—ON + N>~ <z < 2N + N2=2, (400)
m m

then the region (399) or (400) is the resonant contribution and outside this

region is the nonresonant contribution. Finally,

2
[[B — (D7)ses + (0] = (2 tan ! 2N> 1 Hm) + A, (401)
T I'p- m
2
F[B — (Dﬂ')nonres + gﬁ] = (1 - gtan” 2N) L . F(m ) + A/. (402)
T I'p- m

The constant terms A and A’ which are independent of I'p« may arise from the
nonleading contributions of I'p« e, the B*-pole contributions, and the interfer-
ence terms between the B*-pole and D*-pole contributions. The constants A
and A" are generally very different for resonant and nonresonant contributions.

The definition (226) for resonant contributions corresponds to N = 3 and

for this choice we have

_ 1 F 2
T[B — (D7)yes + £7] = 0.895 —— - () | 4, (403)
FD* m
1 F(m?

T[B — (D7) nonres + 7] = 0.105 T+ A (404)

FD* m
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These linear relations are confirmed by the numerical results shown in Figs. 9-
12 for B® — D*rY% ., B — Dte 1, and B~ — D°1%~7,. The ratio of

slopes of the two linear relations is

(slope),.,  0.895
(slope),ee  0.105

8.52 | (405)

which agrees with the slopes in Figs. 9-12, as can easily be verified. The decays
B~ — Dtrn~e 1, deserve special attention. First of all, B~ — (D7) es€™ 7 i
kinematically forbidden if I'p«o < 0.4 MeV, since m(D*7~) always falls outside
the resonant condition (226). For I'p«o between 0.4 and 1 MeV, the phase space
is so restricted that the decay rates for B~ — (D771 )s€” 7. are completely
negligible. Furthermore, the decay rate for B~ — (D7 )yonres€” Ve is found to
be rather small and independent of I'p« as seen in Fig. 12. This behavior can
be understood by the following considerations. We notice that the leading term
in the approximation (397) vanishes since there is no phase space for the decay

D*® — D*r~ (see the mass values given in (221)). In addition, from (221) we

have
P? = (p+q)* = (mp+ +mg—)?, (406)
or
P? —m?., > 7500 MeV?, (407)
as compared with
200.7 MeV? < mp«oTpeo < 2007 MeV?, (408)

for 0.1 MeV < I'p«o <1 MeV. We conclude that in the denominator of the D*
propagator of (389), the imaginary part is always small and hence it can be ne-

glected. The result is therefore independent of I' p«o. Moreover, the denominator
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of the D* propagator is never very small and the phase space near its minimum
(406) is very limited. As a consequence, the decay rate is substantially reduced.

The definition (226) for resonant contributions is reasonable, but somewhat
arbitrary. However, the decay rate for resonant contributions is rather insensi-
tive to the definition. As NV varies from N = 2 to N = oo, the slope in (403)
changes by —5.7% and +11.7%, respectively. On the other hand, the nonreso-
nant contributions are very sensitive to the experimental cuts.

Finally, Figs. 9-12 show that the straight lines for the resonant contributions
for both charged and neutral B mesons pass through the origin. We conclude
that A ~ 0. This is to be expected since the cut (226) gives rise to a very small

phase space contributing to the constant A.



C Euclidean Gamma Matrix Relations

The Euclidean gamma matrices are related to the Minkowsky gamma matrices
by

M= o %=~ (409)
where the subscript M refers to Minkowsky (normal) gamma matrices. From
this relation and the definition 75 = v1727y374 we find that v° = —+3,. We will
also make use of the definition o, = %[%, 7], and the anticommutation relation

{ Vs W} = 204
C.1 Traces

Using the relationship between Euclidean and Minkowsky gamma matrices, we
can easily obtain traces of Euclidean gammas from the Minkowsky relations

published in Mandl and Shaw [49] (beware of the sign error in their equation

A.21)
Tr{v, 7} = 40,, (410)
Ty Yz Vs Visa b = 4(OpapizOpspis — OpapisOpaa + Oparpua Opiapis ) (411)
{5 Vs Voo Vs Vs b = — A€ piapspias (412)

where €4193 = +1. Using (411) we find

TI"{(T/WJaﬁ} = 4(5M0¢51/ﬁ — 5#551/01)' (413)
C.2 Matrix Expansion

Any 4 x 4 matrix can be written as a linear combination of 1, v,, o, 7s,
and 757,. These 16 matrices are particularly convenient since the trace of the

product of any two of them is only non-zero if they are equal, which makes it
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easy to extract the coefficients when expanding a 4 x 4 matrix in terms of these

16 matrices. For any 4 x 4 matrix, X, we can write
X =2+ TpYp + T O + x5 + :ci%fyu (414)

where the coefficients are given by

2 = iTr{X}, (415)
ve = X7 (416)
Ty = ;Tr{XUW}, (417)
= leTr{X%}, (418)
v = Xy} (419)

Note that in (417) we have a 1/8 instead of 1/4 because in (414) we sum over
both p and v which double counts since 0, and 0,, are not independent.
Using (414) we can now write several common products of gamma matrices

in terms of 1, vy, 0., 75, and 757, by simply evaluating the appropriate traces:

YV = 5;w - iauua (420)

Y Yo IN = (6/1,1/5)\04 - 6#)\51/0( + 5#(161//\)704 — €A V5V (421)
1.

V5V VB = _§Z€aﬁ;w0';w =+ 5aﬂ75- (422)

We can derive an expression for four gamma matrices by multiplying (421) by
vs and then making use of (420) and (422):

. I
YW INYB = <5MV5)\OC - 5;1)\51104 + 5;10451/)\)(5046 - 20046) — €uv)B75 + L€ uwra€afryOky-

2
(423)
To compute v,0,), we write 0,5 = 97,7, use (421), and then antisymmetrize
with respect to vA. Note that the antisymmetrization gets rid of a term sym-

metric in vA. Although this term contains 9,, and thus is zero, it is important
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to get rid of it at this stage since the relationship we are deriving may be used
at an intermediate stage of a calculation where it is possible to have v and A be

the same. We get

YuOvr = { [(5w/5/\a - 5/1)\51/04)704 - euuz\a’75’7a] ) (424)

and

01/A7u =1 [(61/(15)\# - 51/;16)\04)704 - EV)\ua’yf)'.ya] . (425)

We use a similar approach to compute 757v,0,3. After writing o,z as iyxyg, we

can either use (422) with the identity
€EurnyErrBa = 2(0480xa — Opadag), (426)
or we can use (421). We get
Y5Yu028 = (00008 — 6,4300a) V5 Ve — 1€ur8aYas (427)

U,uz/’YS’Y)\ = i(duaéuA - 5MA5VQ>757a - ieuu)\a")/a- (428)

We derive an expression for 0,053 by using (423) and then antisymmetrizing

with respect to puv and A\j3:

TuwOxg = €urgYs + (0ux0up = 0up0un)
1
_'_57:(511)\6#/1560{ - 6#)\61/56,804 + 5#6511.%5)\& - 6u,6’5y/@6)\a)0'/@a
1

+Zi(EuVB§€£AHa - Euu)\geﬁﬁna)o_mx- (429)
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dﬁbd«%ti%,& + 41%| Ux\dﬁ.%| G\Atdm«ﬂiw« _ G\(m\hﬁd«%mi% _ GQ%,«i%v,s m\hki% + dtbdm«iwwm—| 7080
°LPYp 1 dzbdwm\,«wm °LLrYp sl
G\A\o,«:iw,s _ d\hm\ﬁﬁda%ﬁx% _ ,«a%di%v.s Bxbdm\i\wm A@.Nw.v 994G dx&mx&b,«aiuw_ _ d\(ﬁ\oa%,«i% _ ,«A%di%vw an g
ST — PHomHTa1g LELPTg— | PLELEOToy — PL(PYpETp — PPpXTg) ProTNgMer — Xp "k
LS i L i X0 i L

S001T}R T X | WedpIny yuopuadopu] 9T 91} 10§ sony woryeordymiy 1T S[qe],



D Lattice Feynman Rules

In this appendix we summarize the lattice Feynman rules for Wilson fermions
derived in section 6.2. There are vertices which have not been included here be-
cause they were not needed for the fermion self energy calculation. Expressions

for some of the other vertices are given in [41].

>

D [mo +2r 55, sin?(k,,/2)] — i 52, vusink, (450
{mo +2ry, SiHQ(kl,/2)}2 + 3, sin’ k,
766006606006600™ 1 G
H q v == {5,“, + (£ — 1)22”} (431)
Where ¢, = 2sin(q,/2).
Cu
o
a>
% +k +k
. Py .. [D
« a = —igoTS, {'Vu cos (’ 5 “) — irsin (” 5 “)}
432
’ (132)
b
D,y
0
%,
2
C.u oA

For finite volume, loops give a sum over loop momenta: % > - For infinite

volume, loops give an integral: (27)~4 f:g? d*k. Symmetry factors are calcu-
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lated in the same way as in the continuum theory. Fermions bring in factors of

-1 in the same way as in the continuum.
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